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The results of a high-resolution study of the (002, 113, 111) four-beam
diffraction in Si are presented. The incident synchrotron radiation beam was
highly monochromated and collimated with a multi-crystal arrangement in a
dispersive setup in both vertical and horizontal planes, in an attempt to
experimentally approach plane-wave incident conditions. The Renninger
scheme was used with the forbidden reflection reciprocal-lattice vector 002
normal to the crystal surface. The azimuthal and polar rotations were performed
in the crystal surface plane and the vertical plane correspondingly. The polar
angular curves for various azimuthal angles were measured and found to be very
close to theoretical computer simulations, with only a small deviation from the
plane monochromatic wave. The effect of the strong two-beam 002 diffraction
was observed for the first time with the maximum reflectivity close to 80%. The
structure factor of the 002 reflection in Si was experimentally determined as

Printed in Singapore — all rights reserved Zero.

1. Introduction

Single crystals of a diamond-type structure (diamond, silicon,
germanium) consist of two interpenetrating face-centered
cubic sublattices displaced by a quarter of the distance along
the cube diagonal. Such a structure leads to the suppression of
diffraction with the even—even Miller indices satisfying the
condition h+ k+1=4n+2, where n is an integer, for
example 002. The suppression occurs as a result of the
destructive interference of two waves scattered by different
sublattices with opposite signs, or with the phase shift 7. The
diffraction with Miller indices as the sum of such suppressed
indices and the odd—odd allowed indices is also allowed. The
suppression is not complete for some indices, for example 222,
and complete for other indices, for example 002. Nevertheless,
all such indices are called the indices of forbidden reflection by
symmetry. Some weak reflection occurs due to the fact that the
real electron density in atoms inside the crystal is not fully
symmetrical; the same can be said for the displacements of
atoms due to thermal vibrations. The diffraction parameter for
a weak quasi-forbidden reflection is defined usually as a
structure factor F, i.e. an effective number of electrons in a
unit cell participating in diffraction.

The interesting problem is a search for the means to make
such forbidden reflections stronger. The most effective solu-
tion is to use multiple diffraction, which takes place at the
definite angular position of the crystal where the Bragg
condition is met for the forbidden reflection simultaneously
with some strong allowed reflections having odd—odd indices.
This approach was used for the first time by Renninger (1937),

who proposed a convenient experimental scheme in which the
forbidden reflection was normal to the crystal surface, and
therefore the Bragg condition was met while the crystal was
rotated around the surface normal. Then, at some angles of
such rotation (we will call it the azimuthal scan) multiple
diffraction takes place when other reflections satisfy the Bragg
condition. At these crystal positions the forbidden reflection
becomes rather strong and can be reliably detected and
studied.

This setup is known as the Renninger scheme and it has
been utilized in many multiple-diffraction experiments (see
Authier, 2005; Chang, 2004). The main emphasis was given to
the possibility of determining the phases of allowed reflec-
tions. The first theoretical treatment based on the dynamical
theory of n-beam diffraction and comparison with the
experimental results of the integrated intensities for the case
of Ge (222, 113) diffraction was given by Colella (1974).
However, all experiments up to the recent time have been
performed with the incident beam rather poorly collimated
over both the polar and azimuthal angles and therefore the
fine details in the angular dependences of the intensities of the
beams participating in multiple diffraction have been washed
out and lost for analysis.

On the other hand, it was shown by Kohn (1988a) that two
successive reflections 000 — 113 — 222 can lead to the
phenomenon of total reflection of the incident plane wave to
the diffracted 222 plane wave at the crystal angular position
where the Bragg condition is met well for the 222 forbidden
reflection but is met poorly for the 113 allowed reflection. The
incident beam must be highly collimated and monochromated
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for experimental recording of the effect of total reflection in
the direction of forbidden diffraction. The first attempt at this
was by Kazimirov & Kohn (2010). They studied the three-
beam (222, 113) case of X-ray diffraction in Si and showed
what happens if the incident beam is not collimated and
monochromated within the necessary limits. The effect was
recorded under the necessary conditions. In the second work
of this series (Kazimirov & Kohn, 2011) the three-beam (222,
113) case of X-ray diffraction in Ge was studied in detail under
the conditions of rather good collimation and mono-
chromatization. In this work both the central part of the
azimuthal scan and the tails were registered. The azimuthal
angular dependence of the integrated intensity over a polar
angle allowed the authors to obtain the value of the structure
factor F' = 1.05, which turns out to be consistent with the
previous studies by Matsushita & Kohra (1974) and Roberto et
al. (1974).

This work is the third in a series of studies. It presents the
results of a high-resolution study of (002, 113, 111) four-beam
diffraction in Si within the same experimental scheme. The
two-beam case 002 is fully forbidden as reported by Tischler et
al. (1988). On the other hand, the addition of a second
reflection 113 leads to excitation of a third reflection 111 due
to the symmetry of the crystal lattice. While the 002 and 113
beams are Bragg reflected, i.e. they are reflected outside the
crystal, the 111 beam is Laue reflected, i.e. inside the crystal.
As a result, the polar angular dependences at various azimu-
thal angles in the central part of the multiple-diffraction
region become more complicated. We note that in this
experiment an additional effort was made to improve the
mechanical stability of the experimental scheme. Accordingly,
we obtain very good coincidence between the experimental
results and theoretical simulations.

In the next section the theoretical formulae for calculating
the multiple diffraction of the incident plane wave are briefly
presented; these were used in the computer simulations. In
§3 we present the experimental results for the four-beam
diffraction angular region together with detailed comparison
between these results and computer simulations. Here we
also show the two-wave 002 forbidden diffraction integrated
intensity as a function of the azimuthal angle near the four-
beam diffraction angular region, and discuss the possibility of
determining the 002 Si structure factor. §4 contains the
conclusions.

2. Theory

The theory of plane-wave multiple diffraction in single crystals
was developed in various modifications. The first quasi-exact
modification was presented by Colella (1974). In his work the
incident plane wave and all diffracted waves are accompanied
by mirror waves to satisfy the Maxwell equation with the
second derivatives of the electric-field amplitude. Such an
approach is usual in optics, but for X-ray crystal optics it is
necessary only for the waves moving at a small angle with the
crystal surface. Colella reduces the calculation scheme to the
4N x 4N scattering-matrix eigenvalue problem, where N is

the total number of waves. However, it was known from the
two-wave dynamical diffraction theory that, if the angles
between wave directions and the crystal surface are not small,
the mirror waves can be neglected. As a result, the calculation
scheme is reduced to the 2N x 2N scattering-matrix eigen-
value problem. Such a formulation of the theory was
presented by Kohn (1979) where it was also shown that for a
thick crystal the number of permitted modes of the wavefield
can be reduced to 2M, where M is the number of waves
directed inside the crystal. The same technique has been
proposed by Chang (1979).

Subsequently, Stepanov & Ulyanenkov (1994) have devel-
oped the calculation scheme where the mirror waves are taken
into account only for the beams with a direction which makes
a small angle with the crystal surface. In their approach the
calculations are reduced to considering the 2(N + N,) strong
wavefields inside the crystal, where N, is the number of
grazing X-ray beams. Such a scheme allows one to obtain the
same results as in the Collela scheme but with a considerable
gain in the speed and simplicity of the calculations. Stetsko &
Chang (1997) discovered an error in the Collela approach
which consists of the choice of the unit vectors of the wavefield
polarizations independently of the small angular deviation of
the incident beam. It is correct for large angles between the
beam directions and the crystal surface, but it is wrong for the
case of grazing X-ray beams. They propose a new calculation
scheme based on the 4N x 4N scattering-matrix eigenvalue
problem but in the Cartesian coordinate system. Their
approach can also be useful for the two-beam case.

The four-beam case (002, 113, 111), considered in this work,
does not contain the grazing X-ray beams; therefore we can
use the theory developed by Kohn (1979). In this approach we
choose the unit vectors of two polarization states s = m, o for
the electric-field direction of the incident and all diffracted
waves. Then, the normalized reflection powers for the Bragg-
diffracted beams, which leave the crystal plate through the
same side where the incident beam enters the crystal, can be
calculated as follows:

2
R0, 0) =Y :

s

M

Z Bms’(]) Cs(j)
]

Here the index m indicates the beams (m = 0 for the incident
beam), the index j is used to distinguish various Bloch waves
or zones of the dispersion surface, and the parameters c,(j)
determine the rate of excitation of the jth Bloch wave. The
summation is performed over the values which correspond to
the positive value of the absorption coefficient u; = Im(é;).
The complex Bloch-wave amplitudes B, (j) and the
complex dispersion parameters ¢; are the solution of the
eigenvalue problem
Y G0, 9)B, () = £B,,,()). @)

ns'

where the scattering matrix G is determined as

: 27 Xomn
G:;;n(es §0) = W (eMSens’) - am(e’ (p)g”m (3)
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Here e, are the unit polarization vectors for the wave m, A is
the wavelength of X-ray radiation, y,, is the cosine of the angle
between the direction of the mth beam and the internal
normal to the entrance surface, x,,, is the Fourier image of the
complex polarizability of the crystal with the reciprocal-lattice
vector h,, —h,, 8 is the Kroneker’s symbol, and

n> “mn

2
am(09 (P) =
Y

m

[(hmel)Ae + (hmeZ)A(p - (thO) %jl ’ (4)

where A0 =6—6; and Agp=¢ — ¢, mean the angular
deviations of the incident-beam direction from the direction of
kinematical multiple diffraction, i.e. without accounting for
refraction of waves inside the crystal. The unit vectors e, and
e, are normal to the incident-beam direction s,. We choose e,
to be in the scattering plane for the forbidden reflection
(m = 1), so e, is normal to this plane. As was shown by Kohn
(1979), in a thick crystal the parameters c,(j) = 0 if j indicates
the Bloch wave with u; <0. The remaining values may be
found from the linear set of equations

ZBms’(j)Cs’(j) = Si:l’() (5)

where the index m runs only over the Laue beams with y,, > 0.
Equations (1)-(5) were used in this work for computer
simulations of the experimental results and detailed compar-
ison between the theoretical and experimental curves. We are
interested mainly in the first 002 beam (m = 1), which we will
treat as a quasi-forbidden, i.e. we shall assume the existence of
a small structure factor F due to asymmetry of the electron
density; therefore y,, # 0. Considering the plane of angular
deviations (A8, Ag) as they are determined here, we obtain
that the Bragg condition for wave 1 is met along the vertical
line, i.e. independently of Ag. This line corresponds to the
azimuthal scan and there are three regions on this line. We
define the first region as one where wave 1 has a large
amplitude together with wave 2. In the second region wave 1
has a large amplitude alone, and the third region is the tails
where the two-beam case with wave 1 is realized, and the
amplitude of the diffracted wave is very small or zero.

The second region is the most interesting, because here the
effect of total reflection in the forbidden direction was
predicted theoretically by Kohn (19884) and observed
experimentally by Kazimirov & Kohn (2010, 2011). To illus-
trate the effect analytically we simplify the problem and
consider hard radiation when the Bragg angles are small. In
this case one can choose the polarization vectors in such a way
that all  vectors are approximately parallel to each other and
normal to all o vectors. Then the general eightfold system can
be divided into two fourfold systems of equations and the
index s can be omitted. We have strong B, and B, amplitudes
but small B, and B; amplitudes. Also we have small Af and
relatively large Ag.

Then, the small amplitudes B,, n = 2, 3, can be calculated
by means of the perturbation method from equation (2) as

_ G, By + G, B,

"= Te— Gulde) ©

Substitution of these equations into two other equations leads
to the system of the quasi-two-beam case for the strong
amplitudes B, and B;, namely,

8By + 80 B = €B,
810By + 81 By = €B;. (7

The effective matrix of this system is as follows (m,n = 0, 1):

Dmn
’ Dmn = Dmnk’ (8)
Ap k;;

Emn = Gmn +

where

Yk G, Gy

D, .= .
mnk 2 (hk e2)

(©)
Here we replaced the denominator ¢ — G, (Ag) by the value
—o, (Ap) = [2(he,)/y ]JA@ because these equations are
written for the case of rather large values of Ag and we
consider small values of e. Equations (7) and (8), in a more
general case and with taking into account polarizations, were
obtained for the first time by Hgier & Marthinsen (1983) as a
method of approximate numerical solution of the multiple-
diffraction problem. However, we perform the numerical
solution accurately.

The properties of two-beam diffraction are well known. It
was shown by Kazimirov & Kohn (2010) that assuming a

symmetrical case (y; = —y,) we have
&= oo+ (—8u&10) [~y £ (7 = D", (10)
where
800 —8u Ab — 6, 0 — )\(—801810)1/2 1
y= 12 — 0 ) 1 — 4—9 ( )
2(—801810) 1 T COSUp
Xo G _ MDy; — Dy)

(12)

6, = — , =
0 sin(265)  Ag 0 87 cos O

The center of the reflectivity maximum corresponds to the
condition y = 0, i.e. A8 = 6, while the width of the region of
the reflectivity maximum is defined from the condition | y| <1.
In a scale of A6 the center is shifted permanently owing to a
refraction of the waves at the crystal surface. In addition, there
is a variable shift due to interaction with weak diffracted
waves, which is asymmetrically dependent on (A(p)_l. If the
diffraction is pure forbidden, then the width of the region of
the reflectivity maximum 26, depends symmetrically on
|A(p|_1. However, if the diffraction is quasi-forbidden one has
to observe asymmetrical dependence. We note that this width
is inversely proportional to the depth of reflection inside the
crystal. If such a depth becomes larger than the penetration
depth due to absorption, the maximum value decreases and
becomes significantly less than unity.

3. Experiment and fit

The experiment was performed at the Cornell High
Energy Synchrotron Source (CHESS) at the A2 beamline. The
X-ray beam from the 49-pole wiggler was monochromated
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Figure 1

Experimental setup. In the vertical diffraction plane (upper panel) two Si
008 channel-cut crystals in the dispersive setup were used for the main
monochromatization and angular collimation. In the horizontal diffrac-
tion plane (lower panel) the beam was collimated with the Ge 008
channel-cut crystal.

to the photon energy 20.492 keV with a standard double-
crystal Si 111 upstream water-cooled monochromator. Post-
monochromator optics for the main monochromatization and
angular collimation were assembled on the optical table in the
experimental hutch. The sample, a thick Si (001)-oriented
perfect crystal, was mounted on a Huber four-circle diffract-
ometer. The measurements were performed at the ambient
temperature in the hutch of 295 £+ 1 K. The diffraction plane
for the forbidden 002 reflection was vertical. The intensities of
the 002 and 113 Bragg-reflected beams were recorded as a
function of the polar angle 6 for various values of the
azimuthal angle ¢ in the vicinity of the four-beam (002, 113,
111) diffraction.

The experimental setup is shown schematically in Fig. 1.
Two diffraction planes, vertical (V) and horizontal (H), are
shown on separate panels. The main monochromatization and
collimation over the polar angle were performed with two Si
008 channel-cut crystals in a dispersive arrangement. The
azimuthal angular collimation was achieved with a double-
bounce Ge 008 channel-cut crystal diffracting in the horizontal
plane. To perform scans with sub-prad angular steps additional
gear boxes were added to standard Huber gear reducers on
both 6 and ¢ axes. In this experiment the new sample shifter
was used. The motion was fulfilled with four piezoelectric
crystals, each of them having a precision sensor of shift. The
program that controls the experiment interacts with the
controller, which is itself a computer. It sends signals (voltage)
on the piezoelectric crystals and reads the sensor data. In this
way a correction of shift was performed over the full duration
of the experiment.

The 111 beam was directed inside the crystal and was fully
absorbed in it. Therefore this beam is not registered. Never-
theless, the existence of this beam can be seen in the change of
reflection of the other beams. The three-dimensional picture
of the beam directions together with the crystal orientation
and rotational axes is shown in Fig. 2. We note that, even for
relatively small values of the azimuthal angle, the distance
between polar angles satisfying the Bragg condition for beams
002 or 113 and for beam 111 becomes rather large. Therefore
the existence of the fourth beam is essential only for the

113

111

Figure 2
Three-dimensional picture of the beam directions together with the
rotation axes’ directions and the crystal plate.

central region of four-beam diffraction. With increasing
azimuthal angle deviation from the center the behavior of the
polar angular dependence soon becomes similar to the case of
the three-beam (002, 113) diffraction.

Fig. 3 shows 12 reflectivity curves of the polar (A0)
dependence for both 002 and 113 beams for various values of
the azimuthal angle deviation Ag. The values of Ag are shown
inside the panels. The two first and two last Ag values can be
referred to as the second azimuthal scan region. All other
panels correspond to the first region, where two reflected
waves have simultaneously large intensity. The solid lines
show the theoretical simulations, the circles show the experi-
mental values for the 002 beam, the rectangles show the
experimental results for the 113 beam. The computer simu-
lation curves are shown exactly. As for the experimental
results, it is very difficult to perform exact normalization of the
data, as well as to determine the origin on the angular scale.
Therefore these parameters are considered as free and their
values were determined from the best fit.

It is easy to see that the panels of the second azimuthal scan
region (the two first and two last) are similar to the three-
beam case. The regions of two-beam total reflection for the
002 and 113 beams are located at different places and do not
intersect. The location of region for the 113 beam moves from
the right to the left. As for the location of region for the 002
beam, it is approximately the same. However, some asym-
metric deviation from the middle value can be seen. The
center of the 002 peak is equal to A6 =9 purad for
A@ = —16.5 prad, and A8 = 11 prad for A = 20 prad. As in
the three-beam case considered by Kazimirov & Kohn (2010)
there is some additional peak of another beam inside the
region of strong reflection of each beam. This additional peak
is generated by both the incident beam and strongly reflected
beam and has an asymmetric shape owing to the change of the
phase difference between the complex amplitudes of the
incident and strongly reflected beams. Such a shape is char-
acteristic of the curve of the yield of secondary radiation in the
standing-wave technique (Kovalchuk & Kohn, 1986a,b) and
was described for the first time by Kohn (1988b).
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Figure 3

Theoretical and experimental polar () 002 and 113 diffraction profiles. Azimuthal (¢) angles for each curve are shown inside the panels. Solid line

theory, circular markers — 002 experiment, rectangular markers — 113 experiment.

The existence of the fourth 111 wave can be seen in the
panels for Ap = —6.7, —4 and 0 prad as an additional peak on
the intensity curve for the 113 wave at the right-hand side.
Inside this region the Bragg condition for the 113 wave is not
fulfilled, but it is fulfilled for the 111 wave. As a result the
double diffraction 000 — 111 — 113 takes place. The asym-
metrical shape of the additional peak is not observed because
the wave 111 is reflected inside the crystal. In the panels for
Ag = 3,6, 9.6 and 13 prad the additional 111 wave is the
reason for the more complicated shape of the curves
compared to the three-wave case. It is of interest that the
peculiarity of the (222, 113) three-wave case consisting of a
zero value of the 113 wave intensity at the point of the exact
Bragg condition for the forbidden diffracted wave can be seen
in this case too.

Now equation (2) without polarizations can be written as

GOO 0 GUZ G03 BU BO
0 Gll Gl2 G13 Bl Bl
=¢ 13
Gy Gy Gn G || B B [ 1Y
G30 G31 G32 G33 B3 B3

In our specific case we have the additional relations
G5y = Gy, Gy = Gj;. Of course, if the Bragg condition is not
fulfilled for beam 3, i.e. \GSS / G00| > 1, we can neglect the
fourth equation and use B; = 0 in the first three equations.
Then we obtain the solution with ¢ = G, B; = —G,B,/ Gy,
and B, = 0 in the angular point where G;; = G, The last
condition just means the Bragg condition for beam 1. In the
central part where the relation |G33 / G00| > 1 is not fulfilled
the same solution can be obtained under the additional
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Figure 4
Theoretical and experimental 002 ¢ azimuthal curve of integral intensity
over polar angle. Solid line — theory, circular markers — 002 experiment.

condition G%, = G3,. Since this condition is not completely
met, the pit of 113 wave intensity is not zero but rather small.

We note also that the additional 111 wave influences the 113
wave more strongly than the forbidden 002 wave. However, in
the panel for Ap = —4 prad both waves become very different
from the case of three-wave diffraction. A detailed physical
analysis of the reasons for such behavior of the intensity
curves lies out of the scope of this work. The main goal was to
obtain the best coincidence between the theory and the
experiment. This goal was achieved. We note that the theo-
retical curves were averaged over the 3 prad region of the
azimuthal angle Ag. Also the convolution of theoretical
curves with the Gaussian function with 0.8 prad FWHM was
used. These are approximately the same parameters that we
used in the previous works.

All calculations were performed under the assumption that
the diffraction 002 is strictly forbidden, i.e. the structure factor
F = 0. This value was reported by Tischler et al. (1988). To
confirm this conclusion we have measured the polar depen-
dence of the intensity of the forbidden wave 002 for large
values of the azimuthal angle Ag. All curves have the shape of
a two-beam peak like a Gaussian curve with decreasing
maximum value and the width of the peak. Then we
performed a fit of the integral reflectivity over the polar angle
values with the calculations. The results appear as tails of the
azimuthal dependence of the integral reflectivity, as shown in
Fig. 4. The vertical scale corresponds to the calculated value,
and the normalization of the experimental values was
performed from the condition of the best fit. If F is not zero,
then the tails must be asymmetrical with a minimum value on
one side. However, the experimental results show fully
symmetrical dependence which completely coincides with the
calculations.

4. Conclusion

The forbidden reflection 002 was excited by means of four-
beam (002, 133, 111) diffraction in Si for the first time. The
highly monochromated and collimated incident beam allows
us to measure almost plane-wave reflectivity curves of polar
angular dependence for various values of the azimuthal angle.
Taking into account the parameters of the incident beam in
theoretical calculations we demonstrate for the first time
excellent coincidence between the results of theory and
experiment. Although the beam 111 is directed into the crystal
plate and fully absorbed, it influences significantly the reflec-
tivity of the 113 beam, but not so much the reflectivity of the
forbidden 002 beam. An almost two-beam reflectivity curve
was measured for the forbidden reflection 002 with the
maximum reflectivity up to 80%. The width of such a curve
depends on the value of the azimuthal angle A¢ and can be
made as small as necessary by simply rotating the crystal. The
002 case is better than the 222 case for use as a new kind of
monochromator with a variable reflectivity band because the
two-beam structure factor is equal to zero.
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Science Foundation and the National Institutes of Health/
National Institute of General Medical Sciences under NSF
award No. DMR-0936384. The work of VGK was supported
by RFBR grant No. 1002-00047-a.
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