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We reveal an important property of nuclear inelastic scattering in a molecular crystal with well-separated
lattice and molecular modes: The presence of the molecular modes does not change the shape but merely
rescales the lattice part of the energy dependence of nuclear inelastic scattering. Therefore, the density of states
�DOS� of the lattice vibrations can be properly derived even from the lattice part of nuclear inelastic scattering
alone. In this case, one has to substitute the mean recoil energy of a nucleus by the effective recoil energy of
the molecule. In first approximation, the ratio of the recoil energies is close to the ratio of the nuclear and
molecular masses. More precisely, it is given by the relative area of the lattice part in the entire DOS. The
theoretical analysis is verified with numerical calculations for a model DOS and with the experimental data for
the decamethyl ferrocene molecular crystal. More generally, the analysis is valid for any region of nuclear
inelastic scattering around the central elastic peak with sufficiently narrow lines beyond it. Therefore, the
demonstrated property of nuclear inelastic scattering allows for a much shorter measuring time in studies of
lattice modes in molecular crystals, low-energy molecular modes in proteins, and in investigations of glass
dynamics with molecular probes.
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I. INTRODUCTION

Synchrotron radiation sources of the third generation pro-
vide well-collimated beams of hard x rays with extremely
high spectral density, up to 1014 photons/eV/sec . These
properties gave rise to a number of new techniques related to
excitation of nuclear levels with long ��100 ns� lifetime
and, correspondingly, with very narrow ��neV� energy
width. One of the recent techniques is nuclear inelastic scat-
tering �NIS�, which allows for studies of atomic vibrations
for isotopes with relatively low energies of nuclear excited
states.1–4

A nuclear inelastic scattering experiment monitors the
yield of a delayed nuclear interaction—scattering or
absorption—as a function of energy of incident x rays varied
around the energy of the nuclear resonance. The accompa-
nied prompt electronic scattering is separated using the pulse
structure of synchrotron radiation and the relatively long life-
time of nuclear excitation. The incident radiation is mono-
chromatized down to an energy width of about 1 meV. When
the products of nuclear absorption are detected, the moni-
tored process is nuclear inelastic absorption. By definition, it
is spatially incoherent over various nuclei. Furthermore, even
if the products of nuclear scattering are detected, the process
is also properly described by the theory of spatially incoher-
ent scattering.5–9

In practice, the measured energy spectrum is proportional
to the probability of incoherent nuclear scattering for all en-
ergies except for the central elastic peak, where the yield of
scattering is saturated due to the high cross section of elastic
scattering. In addition, the saturation of the elastic peak is
further enhanced because the NIS signal cannot be collected
during a short but finite time interval after the incident syn-
chrotron radiation pulse. The time gating decreases the rela-
tive weight of the central peak, because the time structure of

elastic incoherent scattering is speeded up compared to the
simple exponential time evolution due to a speedup effect in
nuclear forward scattering. See the Appendix for the ex-
tended theory of elastic incoherent scattering and for the de-
tails of the speedup effect.

According to the theory of incoherent nuclear inelastic
scattering, the probability of scattering is entirely determined
by the partial �i.e., for resonant atoms� density of phonon
states projected onto the direction of the incident beam. For
shortness, here we call this function the density of states
�DOS�. Determination of the DOS is the main aim in pro-
cessing data of nuclear inelastic scattering.

After verification of the principles of nuclear inelastic
scattering with elementary solids,1,2,10 research activity on
the new technique developed rapidly in the direction of com-
plex systems, in particular molecular crystals and
proteins.11–14 In these objects, atomic vibrations may be de-
composed into the continuous spectrum of lattice phonons
and narrow bands of local molecular modes. The presence of
two types of vibrational dynamics poses to theory important
questions concerning the interplay of various modes in the
energy dependence of nuclear inelastic scattering. The reason
is that the total probability of inelastic scattering is not a
linear combination of the partial probabilities related to vari-
ous modes of the density of states. Therefore, even if the
vibrational modes are well separated in the DOS, they are
mixed in the energy dependence of nuclear inelastic scatter-
ing.

Recently we analyzed the influence of the lattice phonons
on the appearance of molecular modes in the energy depen-
dence of nuclear inelastic scattering.15 We found that near the
molecular peaks, the probability of a nuclear interaction can
be treated as combined nuclear-molecular resonance inelastic
scattering. This feature allows for an independent investiga-
tion of lattice phonons for different coexisting phases in het-
erogeneous samples.
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In this paper, we consider an opposite question: the influ-
ence of the high-energy molecular modes on the low-energy
lattice part in the energy dependence of nuclear inelastic
scattering. We show that the presence of the molecular
modes practically does not change the shape of the lattice
part of the curve but mainly rescales it. Therefore the influ-
ence of the molecular modes is reduced to a scaling factor,
and the lattice part of the DOS can be derived from the
lattice part of nuclear inelastic scattering alone.

Because of elastic peak saturation, the measured energy
spectrum cannot be normalized to a unit area. The proper
normalization is achieved using the first moment of the en-
ergy spectrum.2 According to Lipkin’s sum rules,16 the first
moment is equal to the recoil energy of a free nucleus, ER
= ��k�2 /2m, where k= �k�, k is the wave vector of the incident
photon, m is the mass of the resonant nucleus, and � is the
reduced Plank’s constant. Compared to the area �zero-
moment� normalization, the use of the first moment enhances
the significance of the high-energy regions in the energy
spectrum. Therefore, the energy spectrum should be mea-
sured far beyond the actual region of interest. This mismatch
is particularly large in studies of the lattice phonons of mo-
lecular crystals and in measurements of collective modes of
glasses using probe molecules.17 The main interest in these
studies is focused on the low-energy region, whereas for
proper normalization the energy spectrum has to be mea-
sured including all high-energy peaks of molecular modes.

It is evident that for processing the lattice part of NIS
alone the value of the recoil energy has to be reevaluated.
One can intuitively understand what the recoil energy re-
quired is. Discarding the molecular degrees of freedom is
equivalent to treating the molecule as a rigid body. In this
model, the resonant atom is not allowed to move relative to
the rest of the molecule. Therefore, recoil cannot be accepted
by the resonant atom individually, but is delivered to the
entire molecule. Thus, one can guess that in processing the
lattice part of nuclear inelastic scattering alone, one has to
substitute the recoil energy of a free nucleus by that of a free
molecule. The ratio of the recoil energies is obviously equal
to the ratio of the nuclear and molecular masses. We show
that although this estimation is indeed a very good first ap-
proximation, it is not exact. More precisely, the ratio is given
by the relative area of the lattice part in the entire DOS.

We note that such an analysis is valid not only for the
lattice part, but also for any region of nuclear inelastic scat-
tering around the central elastic peak with sufficiently nar-
row and well-separated peaks beyond it. In all such cases, the
demonstrated property of nuclear inelastic scattering allows
for a shorter measuring time. This is applicable for a wide
range of complex solids such as molecular crystals and pro-
teins.

The paper consists of six sections. In Sec. II, we start with
general equations. In Sec. III, we analyze the energy depen-
dence of the lattice part of nuclear inelastic scattering in the
presence of the molecular modes. In Sec. IV, we confirm the
analysis by numerical calculations for a model DOS. In Sec.
V, the method is verified with experimental data on nuclear
inelastic scattering for decamethyl ferrocene molecular crys-
tal. In Sec. VI, we discuss the application of the method.

II. GENERAL EQUATIONS

For simplicity we assume equivalent positions and identi-
cal vibrational properties for all atoms with the resonant nu-
clei. Neglecting the narrow width of the nuclear resonance,
the frequency dependence of the normalized probability den-
sity of nuclear incoherent inelastic scattering S�k ,�� is de-
termined by the Fourier transformation of the intermediate
self-correlation function F�k , t� �Refs. 5 and 6�:

S�k,�� =� dt

2�
exp�− i�t�F�k,t� . �1�

Here � is the frequency shift of the incident photon from the
frequency �0 of nuclear resonance; k is the wave vector of
the incident photon. The function

F�k,t� = �exp�− ik · u�0��exp�ik · u�t��	 �2�

describes the correlation of nuclear positions u in two mo-
ments separated by the time interval t. The angular brackets
denote both quantum-mechanic and thermodynamic averag-
ing. In harmonic approximation this function can be written
as6

F�k,t� = f�k�exp�M�k,t��, f�k� = exp�− M�k,0�� , �3�

where f�k� is the Lamb-Mössbauer factor and

M�k,t� =� d� exp�i�t�
�Rg�k, ����

��1 − exp�− ����
. �4�

Here g�k ,�� is the partial �for the atoms with the resonant
nucleus� density of states projected onto the direction of the
incident beam k, �R=ER /�, �=��kBT�−1, kB is the Boltz-
mann constant, and T is the temperature. The density of
states g�k ,�� is normalized to unity. To shorten, we omit the
k argument in the formulas below.

Equations �1�–�4� show that for given experimental con-
ditions �temperature of the sample, energy of the incident
radiation, and mass of the resonant nucleus�, the probability
density of nuclear incoherent scattering S��� is uniquely de-
termined by the density of states g���. It is easy to show6

that the DOS can also be uniquely derived from a given
probability density of nuclear scattering. Furthermore, the
first moment of the probability density of nuclear incoherent
scattering is uniquely related to the DOS normalization:

�
−�

�

d��S��� = lim
�→0

� d�� dt

2�
exp�− i�t − ��t���F�t�

= lim
�→0

� dt

2�i

d

dt
�exp�− ��t��F�t��

	� d� exp�− i�t�

= 
dF�t�
idt

�
t=0

= 
dM�t�
idt

�
t=0
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= �R� d�
g�����

�1 − exp�− ����

= �R�
0

�

d�g��� . �5�

Let us consider a lattice-phonon part of the energy depen-
dence of nuclear inelastic scattering around the central elastic
peak, which excludes all higher-energy molecular modes. To
shorten, we call this part the “truncated spectrum.” For the
moment, let us suppose that the presence of the higher-
energy molecular modes does not affect the shape of the
truncated spectrum. Then, because of the unique relation be-
tween the probability density of nuclear incoherent scattering
and the DOS, the density of the lattice phonon states can be
correctly determined from the truncated spectrum after its
appropriate normalization. The proper normalization coeffi-
cient is given by Eq. �5�: The first moment of the truncated
spectrum should be equal to the recoil energy of a free
nucleus multiplied by the relative area of the lattice DOS. On
the other hand, the proper normalization of the truncated
spectra can be achieved simply by the renormalization of the
recoil energy considering the lattice DOS normalized by
unity as it was pointed above.

The normalization relation �5� is obtained using analytical
properties of the Fourier transformation. This approach does
not reveal a relative role of multiphonon terms, which we
will need in the analysis below. In order to estimate the im-
portance of the multiphonon contributions, we calculate the
normalization relation, keeping only the single-phonon term
S1 of the probability of inelastic scattering. In this case the
calculations can be performed with the variable integration
limits:

�
−a

a

d��S1��� = f�
−a

a

d��� dt

2�
exp�− i�t�M�t�

= �Rf�
−a

a

d�
g�����

�1 − exp�− ����

= �Rf�
0

a

d�g��� . �6�

At the limit of a→�, the first moment of the single-
phonon term �6� is less than that of the total spectrum �5� by
the Lamb-Mössbauer factor f 
1. The difference obviously
should be attributed to the multiphonon contributions, which
were properly accounted for in Eq. �5� but not in Eq. �6�.

III. ANALYTICAL ESTIMATIONS

We have shown that the lattice DOS can be correctly de-
rived from the truncated energy spectrum after the proper
renormalization of the recoil energy if the presence of the
molecular modes does not change the shape of the lattice
part of the energy spectrum. In this section, we analyze ana-
lytically the validity of the assumption on a simple model
DOS.

We consider the density of states g���=gc���+gm���
composed of the collective lattice part gc��� with an area of

Ac and only a single peak of molecular mode gm���:

gm��� = Amp�� − �m�, p��� ——→
���→�

0,

� d�p��� = 1, Am = 1 − Ac. �7�

In this case the probability density of nuclear inelastic scat-
tering can be written as

S��� = f � dt

2�
exp�− i�t�exp�Mc�t���1 + 


n=1

�
1

n!
�Mm

�+��t�

+ Mm
�−��t��n� , �8�

where

M�t� = Mc�t� + Mm�t� = Mc�t� + Mm
�+��t� + Mm

�−��t� ,

Mc�t� =� d� exp�i�t�
�Rgc�����

��1 − exp�− ����
,

Mm
�+��t� = exp�i�mt�m�t� ,

m�t� =
�RAm

�m�1 − exp�− ��m��
P�t� ,

Mm
�−��t� = exp�− i�mt�exp�− ��m�m�t� . �9�

Here P�t� is the Fourier image of p���. Evaluating the Mm

contribution in Eqs. �8� and �9�, we substituted the frequency
variable in the Bose-occupation factor and in the inverse fre-
quency by the molecular mode frequency �m. This approxi-
mation is precise enough if �m is much bigger than the width
of the molecular peak.

Now we select only the terms which contribute to the
low-energy part of the spectrum Sc��� around the region of
the lattice vibration. These are the terms free of the exponen-
tials exp�±il�mt� with l�0—i.e., the terms with simulta-
neous excitation and annihilation of an equal number of mo-
lecular vibrations. Then the expansion in Eq. �8� contains
only even n=2k and can be reduced to

Sc��� = f � dt

2�
exp�− i�t�exp�Mc�t���1 + 


k=1

�
�Cm�t��2k

22k�k!�2 �
= f � dt

2�
exp�− i�t�exp�Mc�t��I0„Cm�t�… , �10�

where I0�z� is the modified Bessel function of the first kind
and

Cm�t� = 2 exp�− ��m/2�m�t� =
�RAm

�m sinh���m/2�
P�t� .

�11�

Equation �10� gives the probability density of nuclear in-
coherent scattering in the central part of the energy spectrum.
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It includes all single-phonon and multiphonon terms of the
lattice modes. It also includes that part of the multiphonon
terms of the molecular modes which contributes to the cen-
tral part of the energy spectrum. The contribution of the mul-
tiphonon terms of the molecular modes is described by the
Bessel function with the argument proportional to the Fourier
image P�t� of the molecular peak. The characteristic width of
this peak is usually much smaller than the frequency spec-
trum of the lattice vibrations. For their Fourier images the
opposite relation is valid; i.e., the width of the function P�t�
is much larger than that of Mc�t�. Therefore, in the integral
�10� we can approximately substitute the function P�t� by its
constant value at zero time P�0�:

Sc��� � fmI0„Cm�0�…� fc� dt

2�
exp�− i�t�exp�Mc�t��� .

�12�

Here we expressed the Lamb-Mössbauer factor f in the fac-
torized form f = fcfm, where fc=exp�−Mc�0�� is the lattice
fraction of the entire Lamb-Mössbauer factor and the mo-
lecular fraction fm is

fm = exp�− Mm�0�� = exp
−
�RAm

�m tanh���m/2�� . �13�

The expression in the large square brackets of Eq. �12�
gives the normalized probability density of nuclear scattering
by lattice modes �compare to Eqs. �1�–�3��. Thus, we see that
the energy dependence of nuclear inelastic scattering in the
central energy region has a shape close to the exact energy
spectrum of the lattice modes. The influence of the molecular
modes is reduced to a scaling constant composed of two
factors fm and I0(Cm�0�).

The first factor fm
1 decreases the area and first moment
of the energy spectrum of lattice modes. It is a strict con-
stant, because it comes from the exact solution �10� and is
thus not bounded by the assumption made in the derivation
of approximation �12�. According to Eq. �13�, this is a first-
order correction with respect to the height of the molecular
peaks. This is the same correction that causes the already
discussed difference between Eqs. �5� and �6�: The central
part of the spectrum contains all the multiphonon terms of
the lattice modes, whereas many of the multiphonon terms of
the molecular modes are located beyond the truncated spec-
trum. Therefore, the multiphonon contributions of the lattice
modes compensate for the lattice fraction of the Lamb-
Mössbauer factor fc, whereas the molecular fraction fm re-
mains noncompensated.

Some multiphonon terms, however, do contribute to the
low-energy lattice part. The relevant contribution is de-
scribed by the second factor I0(Cm�0�)�1. It partly compen-
sates for the decrease caused by the first factor fm. The sec-
ond correction is a constant only under the assumption of
essentially narrow molecular modes. However, it is the
second-order correction with respect to the height of the mo-
lecular peaks, because it includes not all but only selected
multiphonon terms with an even number of excited and an-
nihilated phonons.

IV. NUMERICAL SIMULATION

We have shown analytically that the presence of a mo-
lecular mode does not change the shape of the central part of
the energy spectrum if the molecular mode has a sufficiently
narrow energy distribution. The next step is to check the
reality of this approximation in exact numerical calculations
for a typical energy spectrum with the finite linewidths of the
molecular modes. In this section, we perform this test with a
model DOS.

The model DOS is shown in Fig. 1. It contains the col-
lective lattice part gc��� in the low-energy region and two
peaks of molecular modes. The lattice part is simulated by
the function

gc��� = gcmx2 exp
2

3
�1 − x3��, x =

�

�max
. �14�

It has a maximum value gcm at �=�max=5 meV. The area of
the lattice part of the DOS is 0.30. The molecular peaks are
modeled by a product of the Lorentz and Gauss distributions
with a width ratio of 1 /5, respectively. The broader Gaussian
is used for a reduction of the long tails in the Lorentz func-
tion. The full width at half maximum �FWHM� of the peaks
at 40 and 55 meV are 2.0 and 1.6 meV, respectively. The
total area of the molecular part of the DOS is 0.70; thus, the
entire DOS is normalized to unity.

Figure 2 shows the energy spectrum of nuclear inelastic

FIG. 1. The model DOS with the low-energy lattice part and two
molecular peaks at 40 and 55 meV.

FIG. 2. The normalized probability density of nuclear inelastic
scattering calculated from the model DOS.
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scattering calculated from the model DOS for the tempera-
ture 200 K and 57Fe nucleus. The � function of the central
elastic peak is omitted. The spectrum contains the single-
phonon contributions of the molecular modes at the corre-
sponding energies in both the phonon-annihilation �left� and
phonon-creation �right� parts. In addition, for the phonon-
creation part it shows the three double-phonon peaks at 80,
95, and 110 meV. The corresponding peaks at the phonon-
annihilation part are not shown, because they are very small.

Before proceeding with the reverse calculations of the lat-
tice DOS from the truncated energy spectrum, we analyze
the relation between the normalization of the DOS and en-
ergy spectrum. Figure 3 shows the integral of the DOS area
multiplied by ER=1.956 meV and the integral of the first
moment of the spectrum as a function of the integration lim-
its. To shorten, we will call these functions as the DOS inte-
gral and the moment integral, respectively. The mathematical
expressions for these functions are given by the left and right
sides of Eq. �5� if one replaces � by E�, �R by ER, and the
infinite limit by finite limit E.

According to Eq. �5� the two curves should approach the
same value of ER at E→�. The DOS integral experiences a
sharp rise in the energy regions of nonzero DOS, and it is
practically constant in between these regions. The moment
integral approximately follows the same trend. However, it
varies much more smoothly, because the addition of the mul-
tiphonon processes widens the energy regions of nonzero
inelastic scattering. For instance, at E=75 meV the moment
integral still does not reach the proper normalization level.
Only above 120 meV, after account of the two-phonon mo-
lecular peaks is it sufficiently close to the exact value of ER.

A similar trend is observed at E=25 meV. Here the DOS
integral includes already the entire lattice part of the DOS
and, therefore, is equal to 0.3ER, whereas the moment inte-
gral has a lower value of 0.291ER. The difference hardly can
be explained by the missing multiphonon contributions of
the lattice modes because, according to Fig. 2, they almost
vanish at this energy. The true reason for the discrepancy is
the renormalization of the lattice part of the spectrum dis-
cussed in the previous section: Because of the presence of
the molecular modes, the lattice part of the spectrum is

scaled by a factor similar to fmI0(Cm�0�) in the case of one
molecular peak.

We truncated the energy spectrum of Fig. 2 beyond the
energy region �E�
25 meV and normalized it so that the first
moment of the truncated spectrum is equal to the effective
recoil energy AcER=0.3ER. After that, the reverse calcula-
tions of the lattice DOS were performed according to the
conventional procedure8 using the recoil energy ER.18 The
derived DOS is compared to the initial one in Fig. 4. In order
to check the consistency of the results in the low-energy
region, we also show the function g�E� /E2. The difference
between the initial and recalculated DOS, if any, is negli-
gible. Thus, the presence of the molecular modes causes no
notable changes in the shape of the lattice part of the energy
spectrum of inelastic scattering.

In order to illustrate the importance of the correct normal-
ization, we repeat the calculations with the deliberately
wrong parameter of the effective recoil energy 0.291ER,
which is the first moment of the lattice part in the total nor-
malized energy spectrum of inelastic scattering. In other
words, we do not correct for the scaling of the truncated
spectrum by the factor caused by the presence of the molecu-
lar modes. Figure 4 shows that the calculated DOS signifi-
cantly differs from the initial one. Thus, even a 3% mistake
in the normalization can cause notable errors in the shape of
the calculated DOS.

V. EXPERIMENT

Numerical calculations show that the presence of a few
narrow local modes located at sufficiently high energies in-

FIG. 3. Comparison of the DOS integral and the moment inte-
gral with variable integration limits. The exact definition of the
functions is given in the text. The thin line is the DOS integral
multiplied by ER. The thick line is the integral of the first moment
of the spectrum.

FIG. 4. Comparison of the initial DOS g�E� �open circles� and
those obtained after reverse calculations of the DOS from the trun-
cated energy spectrum. The thick line shows the DOS recalculated
from the truncated and then properly renormalized energy spectrum
so that its first moment is equal to 0.3ER. The thin line shows the
DOS calculated from the truncated spectrum obtained without
renormalization from the total normalized energy spectrum. In the
latter case, the first moment of the truncated spectrum is equal
0.291ER. In both cases the spectrum was truncated beyond the en-
ergy region of �−25,25� meV. The bottom panel shows the corre-
sponding functions g�E� /E2 in order to emphasize the low-energy
region.
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deed does not change much the shape of the central part of
the energy spectrum. Therefore, the reverse calculation of the
lattice DOS from the truncated spectrum allows for good
agreement of the results with the initial DOS. In practice, the
energy spectrum could contain a larger number of the mo-
lecular modes; the width of the molecular modes could be
larger, and the modes could be located closer to the lattice
continuum. In this section, we verify the stability of the pro-
posed approach with the example of the experimental data
for the decamethyl ferrocene FeC20H30 molecular crystal.

The measurements were performed at the Nuclear Reso-
nance beamline19 at the European Synchrotron Radiation Fa-
cility using the inelastic spectrometer20 with 0.5 meV energy
resolution. The details of the experimental setup and the
method can be found elsewhere.4 The decamethyl ferrocene
sample was enriched in the resonance 57Fe isotope up to
95%. The sample was in powder form. The measurements
were performed at 22.3 K.

Figure 5 shows the measured energy dependence of
nuclear inelastic scattering. It contains the central elastic
peak, the collective lattice modes within the �E�
13 meV
energy region, and about ten molecular peaks spreading in
energy from 17 up to 74 meV. According to the Bose statis-
tics, the phonon annihilation part �E
0� is almost absent at
the low-temperature conditions.

The total density of vibrational states calculated from the
experimental data is shown in Fig. 6. A unit cell of the deca-
methyl ferrocene crystal lattice contains four molecules.21

Thus, the lattice part of the DOS should have three acoustic
and nine optical modes. The lattice part of the DOS ��E�

10 meV� shows the Debye-like parabolic rise of the acous-

tic lattice modes from zero to 3 meV and several peaks of
the optical lattice modes at 3.5, 4.5, 7, and 8 meV.

In the extreme of long-wavelength acoustic vibrations, the
molecule moves as a rigid body without displacement of
individual atoms relative to each other. In molecular crystals
with several molecules in a unit cell, this approximation
works well even for lattice modes up to the boundaries of the
Brillouin zone, because the corresponding wavelength is still
larger than the molecular size. Within the rigid-body ap-
proximation, one can easily show that the relative contribu-
tion of the lattice phonons to the entire DOS is equal to the
ratio of the nuclear and molecular masses.12,13 For the deca-
methyl ferrocene molecular crystal, the total area of the lat-
tice part of the DOS is 0.178�1�. This value is very close to
0.174, which is the mass ratio of the resonant isotope 57Fe
and the 57FeC20H30 molecule. Thus, the decamethyl fer-
rocene is a sufficiently rigid molecule. With lattice modes, it
moves as a rigid body with only about 2% of the motional
energy embedded into molecular deformation.

We truncated the measured energy spectrum of nuclear
inelastic scattering of Fig. 5 beyond the energy range of �E�

13 meV and renormalized it according to the effective re-
coil energy 0.178ER. After that, the reverse calculations of
the lattice DOS were performed according to the conven-
tional procedure using the nucleus recoil energy ER. The ob-
tained DOS is shown in Fig. 7. The two lattice DOS calcu-
lated from the total and truncated energy spectra are
basically indistinguishable from each other. This evidences
the stability of the proposed approach.

VI. DISCUSSION

We have shown that the lattice part of the DOS can be
correctly derived from the truncated energy dependence of
nuclear inelastic scattering using the renormalized recoil en-
ergy. The exact renormalization coefficient, however, cannot
be obtained solely from the truncated experimental data. As
shown in the previous section, a good first approximation for
the renormalization coefficient Ac is the ratio of the resonant
atom and the molecule masses. However, this rule breaks
down for large and soft molecules, where a considerable part
of the motional energy could be embedded into molecular
deformation.

FIG. 5. The energy dependence of nuclear inelastic scattering
for decamethyl ferrocene powder measured at 22.3 K.

FIG. 6. The density of vibrational states for decamethyl fer-
rocene calculated from the entire energy spectrum.

FIG. 7. Comparison of lattice parts of the DOS calculated from
the entire energy spectrum �thin line� and from the spectrum trun-
cated beyond the energy interval of �−13,13� meV �thick line�.
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In general, one could try to obtain a good approximation
for the parameter of the effective recoil energy from the sum
rules.16 Suppose we have measured the energy dependence
of nuclear inelastic scattering only within the truncated en-
ergy region and we normalized it using effective recoil en-
ergy AcER with the arbitrary chosen coefficient Ac. Then we
derive the DOS from the normalized energy spectrum. If the
coefficient Ac is the correct one, the normalized spectrum
and the derived DOS should obey several sum rules. First of
all, according to Eq. �5� the area g0 of the derived DOS
should be equal to the chosen coefficient Ac. Second, the
Lamb-Mössbauer factor f calculated from DOS should be
equal to

f = exp
− �R�
0

� d�

�
g���

1 + exp�− ���
1 − exp�− ���� = 1 − S0,

�15�

where S0 is the area of the inelastic part of the normalized
truncated spectrum. Furthermore, one can also consider the
sum rules for the higher-order moments. Proceeding similar
to Eq. �5�, we obtain

�
−�

�

d��2S��� = �g0�R�2 + �R�
0

�

d��g���
1 + exp�− ���
1 − exp�− ���

,

�
−�

�

d��3S��� = �g0�R�3 + �R�
0

�

d��g���

	
3g0�R
1 + exp�− ���
1 − exp�− ���

+ �� . �16�

These equations are a generalization of similar expressions
obtained in Ref. 6 for the case of non-normalized DOS.

Strictly speaking, the equations above are fulfilled for any
arbitrarily chosen coefficient Ac. On the other hand, when it
is far away from the correct one, the obtained DOS acquires
positive or negative artifact contributions beyond the trun-
cated energy region. Therefore, the proper algorithm to find a
good approximation for the normalization coefficient Ac
would be to test the sum rules within the truncated energy
region. However, our attempts to check this algorithm
showed that the required accuracy can hardly be reached
because these relations remain valid even for rather approxi-
mate values of Ac.

The exact value of the renormalization coefficient Ac is
equal to the relative area of the lattice modes in the total
DOS. Thus, the total energy spectrum should be measured at
least once in the entire energy range in order to determine the
area of the lattice DOS. The experimental data show that the
area of the collective modes stays constant under the variable
external parameters even though the shape of the DOS does
change.17 Therefore, the total spectrum has to be measured
once, for instance, at ambient conditions, and then the fol-
lowing measurements under variable external parameters of
temperature, pressure, etc., can be performed only within the
much narrower energy range of the truncated spectrum.

It goes without saying that the proposed approach can be
generalized to any arbitrary chosen part of the energy spec-

trum around the central elastic peak, not necessarily solely to
the lattice modes. Note that the analysis above does not re-
quire any specific properties of the vibrational modes within
the truncated energy region. The only assumption we made
was the sufficiently narrow width of the molecular peaks
beyond the truncated spectrum. Therefore, the same ap-
proach can be applied for investigation of any arbitrary low-
energy part of the DOS, e.g., including some molecular
modes as well.

Consequently, a successful application of the approach
does not mean that the derived density of states belongs ex-
clusively to lattice phonons. The conclusion about the mode
composition, however, can be done on the basis of the rela-
tive area of the studied part of the DOS. For instance, in the
demonstrated example of the decamethyl ferrocene molecu-
lar crystal, the relative part of the derived DOS is sufficiently
close to the ratio of the nuclear and molecular masses. This
excludes the contribution of the molecular modes to the stud-
ied part of the DOS.

Furthermore, the presented analysis has even wider impli-
cations, because in practice the measured energy spectra are
always truncated. Even if the DOS is defined within a finite-
energy region, the multiphonon terms in the energy depen-
dence of nuclear inelastic scattering expand to an infinite
energy and never can be measured completely. Therefore, the
first moment of the measured spectrum is somewhat smaller
than the recoil energy of the free nucleus. Thus, the standard
procedure of data processing always overestimates the nor-
malization of the measured energy spectrum. Because of
that, the area of the derived DOS within the experimental
energy region is slightly higher than unity, whereas beyond
this region the DOS has some small negative contributions.
Similar to the case of the deliberately truncated energy spec-
tra, these artifacts can be corrected by choosing the normal-
ization of the first moment of the energy spectrum slightly
less than the recoil energy of a free nucleus.

VII. CONCLUSIONS

We analyzed the energy dependence of nuclear inelastic
scattering in a molecular crystal with well-separated lattice
phonons and local molecular modes. The analysis was fo-
cused on the influence of the high-energy molecular modes
on the low-energy lattice part of the energy dependence of
nuclear inelastic scattering.

We demonstrated that the presence of the molecular
modes does not change the shape but only rescales the lattice
part of the energy dependence of nuclear inelastic scattering.
Because the influence of the molecular modes is reduced to a
scaling factor, the lattice part of the DOS can be properly
derived even from the lattice part of nuclear inelastic scatter-
ing alone. In this case, one has to substitute the recoil energy
of a nucleus by the effective recoil energy of the molecule. In
a first approximation, the ratio of the recoil energies is close
to the ratio of the nuclear and molecular masses. More pre-
cisely, it is given by the relative area of the lattice part in the
entire DOS.

The analysis can be generalized to any arbitrary region of
nuclear inelastic scattering around the elastic peak with suf-
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ficiently narrow peaks beyond it. Therefore, the demon-
strated property of nuclear inelastic scattering allows for a
shorter measuring time in studies of various complex solids
such as molecular crystals,11,12 proteins,13,14 and glasses.17

Obviously, a similar approach can be developed for inelastic
neutron scattering as well.
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APPENDIX: ENHANCED THEORY OF ELASTIC PEAKS

As mentioned in the Introduction, the area of the energy
dependence of nuclear inelastic scattering cannot be normal-
ized by unity because of the saturation of the intensity of the
central elastic peak. In energy representation, the saturation
of the intensity of the central elastic peak is described by the
saturation of incoherent scattering for a very high cross sec-
tion of elastic interaction, where the yield of scattering is no
longer proportional to the scattering cross section. This
trivial picture becomes much more instructive when consid-
ered in a time representation. To shorten, we assume that the
nuclear transition is not split by hyperfine interactions. We
consider a sample of length d along the incident x-ray beam,
and we suppose that the detector collects all incoherent scat-
tering equally from the various parts of the sample. As dis-
cussed earlier,22 in the case of elastic excitation the time
dependence of incoherent scattering is influenced by the co-
herent channel of nuclear forward scattering and, therefore,
is different for various depths of the sample. It was shown22

�see Eq. �39� of the referenced paper� that the total time
evolution of the elastic incoherent scattering Iel�t� is de-
scribed by

Iel�t� = f�dtn�−1 exp�− t/tn��
0

d

dz exp�− 
ez�J0
2��
nzt/tn�1/2� ,

�A1�

where tn is the lifetime of the nuclear excited state, 
e is the
electronic absorption coefficient, 
n is the nuclear absorption
coefficient at the exact resonance, and J0�x� is the Bessel
function of the first kind and zero order. The normalization
coefficient of Eq. �A1� is chosen so that the integral of elastic
incoherent scattering over time is equal to the Lamb-
Mössbauer factor f for a very thin target with d→0.

In the case of inelastic excitation, the nuclear forward
scattering does not appear. Neglecting the radiation trapping
effect,23 the time evolution of incoherent scattering for all
phonon energies is described by a simple exponential decay
with a natural lifetime. Therefore, integration over the entire
energy spectrum of inelastic scattering gives the time evolu-
tion of inelastic incoherent scattering Iinel�t� as

Iinel�t� = �1 − f��dtn�−1 exp�− t/tn��
0

d

dz exp�− 
ez� . �A2�

First, let us consider two cases where measurements are
performed with the sample of a very small thickness or in a
very short time interval t after a prompt pulse of synchrotron
radiation. In both these cases we can substitute the Bessel
function in Eq. �A1� by unity. Then the time evolutions of
both elastic and inelastic parts of incoherent scattering are
described by the same time dependence. The balance be-
tween the elastic and inelastic fractions of incoherent scatter-
ing is fulfilled; i.e., their contributions are weighted by f and
�1− f�, respectively, as it should be for incoherent scattering
by a single nucleus. Thus, the experimental data for a very
thin sample or those taken in the very short time interval
after the prompt x-ray pulse can be normalized by the area of
the energy spectrum.

For thick samples and long observation time, however, the
Bessel function in Eq. �A1� is significantly less than unity.
This is connected to the speed-up effect of nuclear forward
scattering in a thick sample.24,25 Equation �A1� shows that
the same effect causes a decrease of the relative contribution
of the elastic part of incoherent scattering. The time-integral
yield of the elastic incoherent scattering iel�d� can be written
as

iel�d� = �
0

�

dtIel�t� = �f/d��
0

d

dz exp�− 
ez − 
nz/2�I0�
nz/2� ,

�A3�

where I0�x� is the modified Bessel function of the first kind
and zero order. In a similar way one can obtain the time-
integral yield of inelastic incoherent scattering iinel�d�. The
ratio

a�d� =
iel�d��1 − f�

iinel�d�f
=


e�
0

d

dz exp�− 
ez − 
nz/2�I0�
nz/2�

1 − exp�− 
ed�
�A4�

gives the reduction coefficient for the relative weight of elas-
tic incoherent scattering in a thick sample.

In order to simplify expression �A4�, we consider the
range of the sample thickness where the electronic absorp-
tion is still negligible—i.e., 
ed�1. In this case the reduc-
tion coefficient can be evaluated analytically:

a�d� = ��p� =
1

p
�

0

p

dx exp�− x�I0�x�

= exp�− p��I0�p� + I1�p��, p = 
nd/2.

�A5�

The evolution of the reduction coefficient as a function of the
dimensionless thickness parameter p is shown in Fig. 8. At
p
2, the reduction coefficient rapidly decreases from unity
to about 0.5. The further decrease becomes slower. At high p,
the reduction coefficient can be approximated as ��p�
�0.798p−1/2.
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Figure 8 shows that even for the time-integral measure-
ments the relative weight of elastic incoherent scattering de-
creases significantly with the sample thickness. According to
Eq. �A1�, this is caused by an accelerated decay of the pri-
mary wave field of nuclear forward scattering exciting the
nuclei in the thick sample. In practice, the measurements of
inelastic scattering are started not at zero time but some
nanoseconds after the prompt pulse of synchrotron radiation.
This leads to a higher reduction of the relative weight of the
elastic peak in the energy spectrum of nuclear inelastic scat-
tering.

The time integral of elastic incoherent scattering from a
particular depth z in Eq. �A3� can also be obtained in the
energy representation as an integral of nuclear incoherent
scattering over dimensionless frequency w=�tn in the vicin-
ity of nuclear resonance:

exp�− 
nz/2�I0�
nz/2� =� dw

2�

1

�w2 + 1/4�
exp
−


nz

w2 + 1/4
� .

�A6�

Thus, the results of the time and energy representation are
consistent with each other. The exponential factor in Eq.
�A6� gives a conventional interpretation of the saturation in
the elastic peak intensity in terms of the saturation of inco-
herent scattering in a thick sample.
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