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We report on theoretical and experimental studies of nuclear inelastic scattering in a molecular
crystal, whose atoms experience both molecular and lattice vibrations. In this case scattering proceeds
as combined nuclear-molecular resonance inelastic scattering. The lattice vibrations give rise to
inelastic scattering around the molecular resonances with an energy dependence identical to that
around the nuclear resonance. The incoherent nature of the scattering in the molecular resonances
results in a proper balance of elastic and inelastic components, which has important implications for
studies of heterogeneous systems.
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FIG. 1. Scheme of nuclear inelastic scattering (left) and
combined nuclear-molecular inelastic scattering (right). Here
!0 and !j are the frequencies of nuclear and molecular
resonances, respectively; ! is the phonon frequency, !in is
the incident photon frequency, and S is the probability of
pressed by coherent forward scattering. Therefore, one scattering in an arbitrary scale.
The frequency spectrum of atomic vibrations in a
molecule consists of well isolated resonances. The spec-
troscopy of these molecular resonances is a traditional
field of several techniques as infrared absorption, Raman,
and inelastic neutron scattering. Recently, these methods
were complemented by the resonant nuclear inelastic
scattering [1–4]. It proceeds via excitation of nuclear
resonances, and allows one to probe vibrational dynamics
of selected atoms with Mössbauer nuclei. The energy
resolution of this new technique ( � 0:5 meV) is compa-
rable with the linewidth of the molecular resonances.

In molecular crystals, the molecular resonances coexist
with other vibrational modes, i.e., collective lattice pho-
nons. In this Letter, we show a possibility to measure the
density of states (DOS) of the lattice phonons around
combined nuclear-molecular resonances. The idea is il-
lustrated by Fig. 1. Conventional nuclear inelastic scatter-
ing occurs around the narrow nuclear resonance, where
the frequency of incident radiation !in is equal to the sum
of the nuclear resonance frequency !0 and the lattice
phonon frequency !. We demonstrate that, around the
frequency of the double nuclear-molecular resonance
!0 �!j, a similar phenomenon occurs, which we define
as the combined nuclear-molecular inelastic scattering.
Once this is understood, it is intuitively clear that the
energy dependence of inelastic scattering (caused by lat-
tice vibrations) around the combined nuclear-molecular
resonance is identical to that around the main nuclear
resonance.We show that this is, indeed, the case, provided
the frequency of the molecular resonance is well beyond
the frequencies of lattice vibrations.

The extraction of the DOS from the measured proba-
bility of nuclear inelastic scattering is based on the theory
of incoherent scattering [5–7]. The theory properly de-
scribes the experimental data except for the central peak.
According to the incoherent theory, the weight of the
elastic peak must be equal to the Lamb-Mössbauer factor,
i.e., the probability of nuclear scattering without recoil. In
practice, however, the weight of the elastic peak is sup-
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cannot normalize the experimental data, assuming that
the integral probability of scattering is equal to unity. To
overcome the problem, the experimental data have to be
normalized by the free nucleus recoil frequency !R �
�hk2=2MR using Lipkin sum rules [2,8,9]. Here k is the
wave number of the incident photon, MR is a mass of the
resonant atom, and �h is the Planck constant. This way of
normalization requires measurements of inelastic scatter-
ing in the entire energy range including all high-
frequency molecular resonances even if one is interested
in the phonon spectrum of lattice vibrations only.

Different from that, combined nuclear-molecular in-
elastic scattering is entirely consistent with the theory of
incoherent scattering. This is a qualitative advantage,
though quantitatively the intensity of the combined scat-
tering is lower. As we show below, the weight of the
molecular peak is closely proportional to the Lamb-
Mössbauer factor f. Furthermore, the relative weight of
inelastic processes with creation and annihilation of the
lattice phonons is close to 1� f. Therefore, the total
scattering probability around any molecular peak is in-
dependent of the Lamb-Mössbauer factor.

These properties have important implications for stud-
ies of heterogeneous systems. Consider a phase transition
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accompanied by a change of molecular frequencies. This
is, for instance, a common case for spin crossover com-
pounds [10], where coexisting phases differ in both lattice
and molecular dynamics. Around the main nuclear reso-
nance, inelastic scattering from various phases is super-
imposed, and their DOS cannot be separated. In the
combined resonances, the lattice phonons of each phase
contributes around its specific molecular resonances.
Therefore, in principle, one can determine the lattice
DOS for each coexisting phase separately.

Besides the DOS, several further properties of each
phase can be derived using the sum rules. For example,
the integral probability of nuclear scattering around the
molecular resonance is not affected by lattice dynamics.
Therefore, it can be used to monitor the concentration of
that phase, which possesses this particular molecular
mode. Furthermore, the relative area of the molecular
peak in combined nuclear-molecular scattering gives
the Lamb-Mössbauer factor of the corresponding phase.

Thus, combined nuclear-molecular scattering allows
one to determine independently both the concentration
and the Lamb-Mössbauer factor for each of the coexisting
phases. This is not the case, for instance, for Mössbauer
spectroscopy and nuclear forward scattering, where the
Lamb-Mössbauer factor and concentration always enter
as a product and, therefore, cannot be separated.

To lay the theoretical basis, we consider only one phase
and, for simplicity, assume identical vibrational proper-
ties for all atoms with resonant nuclei. Neglecting the
narrow width of the nuclear transition, the frequency
dependence of the normalized probability density of nu-
clear scattering S�k; !� is given by the Fourier trans-
formation of the intermediate self-correlation function
F�k; t� [5–7,11]:

S�k; !� �
Z dt

2�
exp��i!t�F�k; t�: (1)

Here ! is the frequency shift of the incident x-ray photon
from the frequency !0 of the nuclear resonance, and k is
the wave vector of the incident photon. The function
F�k; t� � hexp��iku�0�	 exp�iku�t�	i describes the cor-
relation of nuclear positions u in two moments separated
by the time interval t. The angular brackets denote both
quantum-mechanic and thermodynamic averaging.

The position of the resonant atom in the molecular
crystal varies due to both lattice and molecular vibra-
tions. We select a number of molecular resonances
with frequencies beyond those of the lattice phonons.
Assuming that there is no correlation between the lattice
and molecular motions, the self-correlation function can
be written as a product of the lattice and the molecular
parts: F�k; t� � Fl�k; t�Fm�k; t�. The two parts are re-
lated to the corresponding densities of states gl�k; !�
and gm�k; !� of the lattice and molecular vibrations as

Fi�k; t� � fi�k� exp�Mi�k; t��;

fi�k� � exp��Mi�k; 0��; (2)
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where

Mi�k; t� �
Z

d! exp�i!t�
!R gi�k; j!j�

!�1� exp���!�	
: (3)

Here i � l;m; fl and fm are, respectively, the lattice and
molecular parts of the total Lamb-Mössbauer factor f �
fl fm, � � �h=kBT; T is the temperature, and kB is the
Boltzmann constant. The sum gl�k; !� � gm�k; !� is nor-
malized to unity.

We do not make special assumptions about the lattice
part of the DOS gl�k; !�. In general, it contains all low-
frequency modes. The frequencies !j for the intramolec-
ular vibrations and the polarization vector ej for the
resonant atom can be calculated for a single molecule in
harmonic approximation (see, for example, [12,13]). We
introduce the finite linewidth of the molecular resonance
�j as a parameter to be determined from experimental
data. Finally, we formally write the molecular part of
DOS as

gm�k; !� �
X
j

Wjpj�!�!j�; (4)

where

Wj �

�
k
k
�ej

�
2
; pj�!� �

�j

��!2 � �2
j �
: (5)

To shorten, we omit the k argument in the formulas
below. The parameter �j determines the linewidth only
for single-phonon scattering. Such scattering dominates if
!j � !R. Multiphonon contributions can also be calcu-
lated (see, for example, [13]). However, we can neglect
them here because jMm�t�j  1. Indeed, for most of the
Mössbauer nuclei, !R is much smaller than the frequen-
cies of molecular resonances !j. Therefore, developing
exp�Mm�t�� we keep only the linear term.

For the same reason of shortness, we consider here only
the Stokes (!j > 0) part of the combined nuclear-
molecular resonance. The analysis of the anti-Stokes
part (!j < 0) leads to similar expressions. That part,
however, has a noticeable contribution only at very high
temperatures.

Taking into account these remarks and using Eqs. (2)–
(5), after a simple calculation we arrive at the following
approximation for the self-correlation function:

F�t� � f exp�Ml�t��
�
1�

X
j

~WWj exp�i!jt� �jjtj�
�
; (6)

where

~WW j �
!RWj

!j�1� exp���!j�	
: (7)

The first term (unity) in square brackets of Eq. (6)
describes lattice dynamics alone, whereas other
terms take into account molecular vibrations as well.
Evaluating the Fourier transformation in Eq. (1) for the
243001-2



FIG. 2. Energy dependence of nuclear inelastic scattering in
ferrocene powder at various temperatures. Thin lines are to
guide the eye.
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pure lattice part of the correlation function, we arrive at
the energy dependence of scattering around the main
nuclear resonance Sl�!�. Here we obtain the elastic
peak replacing exp�Ml�t�� by unity. The inelastic part of
scattering Sli�!� is obtained replacing exp�Ml�t�� by the
complementary term Al�t� � exp�Ml�t��� 1:

Sli�!� � f
Z dt

2�
exp��i!t��exp�Ml�t��� 1	: (8)

The energy dependence of nuclear scattering around
the jth molecular resonance Smj�!� can be obtained
according to the same procedure. To simplify the calcu-
lation, we note that Al�t� has a maximum at t � 0 and
varies with time much faster than exp���jjtj�. Therefore,
integrating the product of these two terms we set �j � 0.
Then we arrive at the final expression for the frequency
dependence of nuclear inelastic scattering:

S�!� � Sl�!� �
X
j

Smj�!�!j�; (9)

where

Sl�!� � f��!� � Sli�!�; (10)

and

Smj�!� � ~WWj�fpj�!� � Sli�!�	: (11)

Equations (9)–(11) confirm our intuitive postulate: nu-
clear inelastic scattering around the combined nuclear-
molecular resonance (! � !j) is identical to that around
the main nuclear resonance (! � 0). Both of them consist
of a central peak weighted by the Lamb-Mössbauer factor
f and the inelastic part. The inelastic part is related to the
lattice vibrations and is identical in both cases. The width
of the central peak is determined by the resonance
lifetime, namely, by the nuclear lifetime for the main
resonance (disregarded here), and by the molecular
lifetime ��1

j for the combined resonance. The coefficient
~WWj gives the partial cross section of the combined nu-

clear-molecular resonant scattering for jth molecular
resonance.

Integrating Eq. (8) over frequency, one finds that the
inelastic fraction of scattering is equal to �fm � f�, which
is smaller than �1� f�. The difference, however, is neg-
ligible (e.g., � 0:02 in the example below), because the
molecular resonances do not contribute much to mean-
square atomic displacements and, therefore, fm � 1.
Then, according to Eq. (11), the integral probability of
nuclear scattering around the jth molecular resonance is
~WWjfm. It is determined only by the molecular resonance

parameters and does not depend on fl. More generally, it
is invariant under transformation of the crystal lattice.
One can show that the validity of this conclusion is not
affected by the used approximations.

In order to confirm the theoretical analysis, we mea-
sured the energy dependence of nuclear inelastic scatter-
ing in ferrocene (Fig. 2). The measurements were
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performed at the Nuclear Resonance beamline ID18 [14]
of the European Synchrotron Radiation Facility with an
energy resolution of 0.5 meV. The sharp peak of scattering
at zero energy indicates the main nuclear resonance.
Three narrow peaks at about 22, 59, and 61 meV are the
molecular resonances of ferrocene, which involve dis-
placements of the 57Fe resonant atom [15]. Broad ‘‘ped-
estals’’ around the main and molecular resonances are
related to inelastic scattering caused by lattice vibrations.
The region around the high-frequency molecular reso-
nances is shown in Fig. 3 in more detail. Note the slight
shift and broadening of the molecular resonances with
temperature.

An increase of temperature leads to the reduction of
the elastic fraction of scattering f. In accordance
with Eqs. (10) and (11), this causes a suppression of the
scattering in the main and molecular resonances at the
expense of the enhancing contribution of inelastic scat-
tering related to the lattice modes. Figure 2 shows that
inelastic scattering around the molecular resonances
243001-3



FIG. 3. Energy dependence of nuclear inelastic scattering
around the combined resonances. Thin lines are to guide the
eye. Thick lines are obtained by the scaling of inelastic
scattering around the main resonance (see text). The Lamb-
Mössbauer factors are derived from the area of the normalized
energy dependence of nuclear inelastic scattering in the entire
energy range.
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looks identical to that around the main resonance. To
prove it, we scaled the energy dependence of inelastic
scattering around the main resonance with the coeffi-
cients ~WWj [Eq. (7)] and compared the result to inelastic
scattering around the molecular resonances without any
adjustable parameter. The data for e2j and !j were ob-
tained from the derived DOS. Figure 3 shows that inelas-
tic scattering around the molecular resonances is
perfectly identical to that around the main resonance.

As discussed above, the relative weight of the molecu-
lar peaks in combined nuclear-molecular scattering gives
the Lamb-Mössbauer factor f. We estimated the relative
area of the molecular peaks in the 45–75 meV range
(Fig. 3) and obtained f � 0:83; 0:59; 0:32, and 0.10 for
T � 23; 72; 144, and 296 K, respectively. Within the
error bars, these values coincide with the Lamb-
Mössbauer factors determined from the area of the nor-
malized energy dependence of nuclear inelastic scatter-
ing in the entire energy range (as quoted in Fig. 3).
Finally, we checked whether the integral probability of
combined nuclear-molecular scattering is independent
of the Lamb-Mössbauer factor f. We calculated the
total area of normalized probability of nuclear scatter-
ing in the 45–75 meV range (Fig. 3) and obtained
1:53%; 1:48%; 1:5%; 1:75% for the above-mentioned
temperatures.Within statistical accuracy, it stays constant
in the entire temperature range despite an almost com-
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plete redistribution of the scattering probability between
elastic and inelastic fractions.

In conclusion, we present a theoretical analysis and
experimental measurements of combined nuclear-mo-
lecular resonant inelastic scattering. It proceeds around
the energies of double nuclear-molecular resonances, and
its energy dependence is determined by lattice vibrations
identically to that around the main nuclear resonance.
The properties of combined nuclear-molecular inelastic
scattering have important implications for studies of
heterogeneous systems. Because of the ‘‘assignment’’ to
specific molecular resonances, it allows one to investigate
lattice vibrations separately for the coexisting phases
with different molecular modes.
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Note added.—While preparing this Letter for publica-
tion, we found that similar effects were considered
(though not observed) in inelastic neutron scattering as
well [16].
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