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ÇÇÖÑÖçàÖ

 

ü‚ÎÂÌËÂ ÁÂÍ‡Î¸ÌÓ„Ó ÓÚ‡ÊÂÌËfl Ò‚ÂÚ‡ ‚ Ó‰ÌÓ-
ÏÂÌÓ-ÌÂÓ‰ÌÓÓ‰Ì˚ı ÒÂ‰‡ı ËÁ‚ÂÒÚÌÓ Ò ‰ÓËÒÚÓË-
˜ÂÒÍËı ‚ÂÏÂÌ. ïÓÚfl ÓÒÌÓ‚˚ ÙËÁËÍË ˝ÚÓ„Ó fl‚ÎÂ-
ÌËfl ‚ Ì‡ÒÚÓfl˘ÂÂ ‚ÂÏfl ËÁÛ˜‡˛ÚÒfl ‚ ¯ÍÓÎÂ, ‰Ó ÒËı
ÔÓ ÒÛ˘ÂÒÚ‚Û˛Ú ÔÓ·ÎÂÏ˚, Â¯ÂÌËÂ ÍÓÚÓ˚ı
ÌÂÎ¸Áfl Ò˜ËÚ‡Ú¸ Û‰Ó‚ÎÂÚ‚ÓËÚÂÎ¸Ì˚Ï. ùÚÓ ÓÚÌÓ-
ÒËÚÒfl, ‚ ÚÓÏ ̃ ËÒÎÂ, Í ÔÓ·ÎÂÏÂ ÁÂÍ‡Î¸ÌÓ„Ó ÓÚ‡ÊÂ-
ÌËfl ÂÌÚ„ÂÌÓ‚ÒÍËı ÎÛ˜ÂÈ ‚ ÒËÌÚÂÚË˜ÂÒÍËı ÏÌÓ„Ó-
ÒÎÓÈÌ˚ı ÁÂÍ‡Î‡ı ÔË ÒÍÓÎ¸Áfl˘Ëı Û„Î‡ı Ô‡‰ÂÌËfl.
Ç

 

 

 

˝ÚÓÏ fl‚ÎÂÌËË ÔÓÎflËÁ‡ˆËÓÌÌ˚ÏË Ò‚ÓÈÒÚ‚‡ÏË
ËÁÎÛ˜ÂÌËfl ÏÓÊÌÓ ÔÂÌÂ·Â˜¸ Ë ‡ÒÒÏ‡ÚË‚‡Ú¸
ÒÍ‡ÎflÌÛ˛ ÏÓÌÓıÓÏ‡ÚË˜ÂÒÍÛ˛ ‚ÓÎÌÛ Ò ˜‡ÒÚÓÚÓÈ
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/
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c

 

 –
ÒÍÓÓÒÚ¸ Ò‚ÂÚ‡ ‚ ‚‡ÍÛÛÏÂ, 

 

θ

 

 – ÒÍÓÎ¸Áfl˘ËÈ Û„ÓÎ Ô‡-
‰ÂÌËfl ÔÎÓÒÍÓÈ ‚ÓÎÌ˚ Ì‡ ÔÓ‚ÂıÌÓÒÚ¸ ÏÌÓ„ÓÒÎÓÈ-
ÌÓ„Ó ÁÂÍ‡Î‡, 

 

x

 

 – ÍÓÓ‰ËÌ‡Ú‡ ‚‰ÓÎ¸ ÔÓ‚ÂıÌÓÒÚË
ÁÂÍ‡Î‡ ‚ ÔÎÓÒÍÓÒÚË ÓÚ‡ÊÂÌËfl, 

 

z

 

 – ÍÓÓ‰ËÌ‡Ú‡
ÔÓ ÌÓÏ‡ÎË Í ÔÓ‚ÂıÌÓÒÚË.

é‰ÌËÏ ËÁ Ì‡Ë·ÓÎÂÂ ÔÓÔÛÎflÌ˚ı ÏÂÚÓ‰Ó‚ ‡Ò-
˜ÂÚ‡ ÍÓ˝ÙÙËˆËÂÌÚ‡ ÓÚ‡ÊÂÌËfl ÂÌÚ„ÂÌÓ‚ÒÍÓÈ
‚ÓÎÌ˚ ‚ ÏÌÓ„ÓÒÎÓÈÌ˚ı ÁÂÍ‡Î‡ı fl‚ÎflÂÚÒfl “ÎÓ-
Í‡Î¸Ì˚È” ÔÓ‰ıÓ‰, ÓÒÌÓ‚‡ÌÌ˚È Ì‡ ÚÓ˜ÌÓÏ Â¯ÂÌËË
Á‡‰‡˜Ë ‰Îfl Ó‰ÌÓÈ „‡ÌËˆ˚ Ë ÚÓ˜Ì˚ı ÂÍÛÂÌÚÌ˚ı
ÒÓÓÚÌÓ¯ÂÌËflı ÔË ‡Ò˜ÂÚÂ ÏÌÓ„ÓÒÎÓÈÌ˚ı ÒÚÛÍ-
ÚÛ. èËÏÂÌËÏÓÒÚ¸ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓ‰ıÓ‰‡ ÌÂ Ó„‡ÌË-
˜ÂÌ‡ ˜ËÒÎÓÏ ÒÎÓÂ‚, Ëı ÔÂËÓ‰Ë˜ÌÓÒÚ¸˛, ‚ÂÎË˜ËÌÓÈ
ÓÚ‡ÊÂÌËfl Ì‡ Ó‰ÌÓÈ ÔÓ‚ÂıÌÓÒÚË, ˜ÚÓ fl‚ÎflÂÚÒfl ÌÂ-
ÒÓÏÌÂÌÌ˚Ï Â„Ó ÔÂËÏÛ˘ÂÒÚ‚ÓÏ. Ç Í‡˜ÂÒÚ‚Â ÒÚ‡-
ÚÓ‚Ó„Ó ÔË·ÎËÊÂÌËfl ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÏÓ‰ÂÎ¸ Ò
Ë‰Â‡Î¸ÌÓ „Î‡‰ÍËÏË ÔÓ‚ÂıÌÓÒÚflÏË. èË ˝ÚÓÏ
ÔflÏÓÈ Ë Ó·‡ÚÌ˚È Ô‡‡ÏÂÚ˚ ÓÚ‡ÊÂÌËfl Ë ÔÓ-

ıÓÊ‰ÂÌËfl ÔÎÓÒÍÓÈ ‚ÓÎÌ˚ ˜ÂÂÁ Ó‰ÌÛ „‡ÌËˆÛ ÓÔ-
Â‰ÂÎfl˛ÚÒfl ÙÓÏÛÎ‡ÏË îÂÌÂÎfl 
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‚ÒÂÈ ÏÌÓ„ÓÒÎÓÈÌÓÈ ÒÚÛÍÚÛÓÈ ‰ÓÒÚ‡ÚÓ˜ÌÓ ËÒ-
ÔÓÎ¸ÁÓ‚‡Ú¸ ÂÍÛÂÌÚÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ ‰Îfl ‡ÏÔ-
ÎËÚÛ‰˚ ÓÚ‡ÊÂÌËfl 
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 ‚ÒÂÏË ÒÎÓflÏË, ËÏÂ˛˘ËÏË
ËÌ‰ÂÍÒ ÏÂÌ¸¯Â 

 

i

 

-„Ó, ÍÓÚÓÓÂ ‚ÔÂ‚˚Â ·˚ÎÓ ÔÂ‰-
ÎÓÊÂÌÓ ‚ ‡·ÓÚÂ [1]. èË ÔÓËÁ‚ÓÎ¸Ì˚ı ÁÌ‡˜ÂÌË-
flı Ô‡‡ÏÂÚÓ‚ ÓÚ‡ÊÂÌËfl Ë ÔÓıÓÊ‰ÂÌËfl Â„Ó ÒÎÂ-
‰ÛÂÚ Á‡ÔËÒ˚‚‡Ú¸ ‚ ‚Ë‰Â [2]:
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-„Ó ÒÎÓfl, Ë ‡ÏÔÎËÚÛ‰‡ ÓÚ‡ÊÂÌËfl
ÓÔÂ‰ÂÎÂÌ‡ ‰Îfl ‚ÂıÌÂÈ ̃ ‡ÒÚË Í‡Ê‰Ó„Ó ÒÎÓfl. Ç ÒÎÛ-
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ÒÚ‡ÚÓ˜ÌÓ ÚÓÎÒÚÓÈ, ÔÓÎ‡„‡˛Ú 

 

R
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 = 0, ‡ ÚÓÎ˘ËÌÛ
‚ÂıÌÂ„Ó ÒÎÓfl (‚ÓÁ‰Ûı) Ò 

 

i

 

 = 

 

N

 

 ÏÓÊÌÓ Ò˜ËÚ‡Ú¸ ÔÓ-
ËÁ‚ÓÎ¸ÌÓÈ, ÔÓÒÍÓÎ¸ÍÛ ÓÌ‡ ÌÂ ‚ÎËflÂÚ Ì‡ ÍÓ˝ÙÙË-
ˆËÂÌÚ ÓÚ‡ÊÂÌËfl.

àÁÏÂflÂÏ˚Â ˝ÍÒÔÂËÏÂÌÚ‡Î¸ÌÓ ÍÓ˝ÙÙËˆËÂÌ-
Ú˚ ÓÚ‡ÊÂÌËfl ÓÚ ÏÌÓ„ÓÒÎÓÈÌ˚ı ÁÂÍ‡Î ËÏÂ˛Ú
Ô‡ÍÚË˜ÂÒÍË ‚ÒÂ„‰‡ ÏÂÌ¸¯ËÂ ÁÌ‡˜ÂÌËfl, ̃ ÂÏ ÒÎÂ‰Û-
ÂÚ ËÁ ‡Ò˜ÂÚÓ‚ ÔÓ ÙÓÏÛÎ‡Ï (1), (2). é‰ÌÓÈ ËÁ ÓÒ-
ÌÓ‚Ì˚ı ÔË˜ËÌ ˝ÚÓ„Ó Ò˜ËÚ‡ÂÚÒfl Ì‡ÎË˜ËÂ ¯ÂÓıÓ-
‚‡ÚÓÒÚË ÏÂÊÒÎÓÈÌ˚ı „‡ÌËˆ. ê‡ÁÎË˜Ì˚Â ÔË·ÎË-
ÊÂÌÌ˚Â ÔÓ‰ıÓ‰˚ Í ‡Ì‡ÎËÁÛ ˝ÚÓÈ ÔÓ·ÎÂÏ˚
ÔË‚ÂÎË Í ‚˚‚Ó‰Û, ̃ ÚÓ ÙÓÏÛÎÛ (2) ÒÎÂ‰ÛÂÚ ËÒÔÓÎ¸-
ÁÓ‚‡Ú¸ Ò ·ÓÎÂÂ ÚÓ˜Ì˚ÏË Ô‡‡ÏÂÚ‡ÏË ÓÚ‡ÊÂÌËfl Ë
ÔÓıÓÊ‰ÂÌËfl, ÍÓÚÓ˚Â ÓÚÎË˜‡˛ÚÒfl ÓÚ Ô‡‡ÏÂÚÓ‚
(1) Ì‡ÎË˜ËÂÏ ÓÒÎ‡·Îfl˛˘Ëı ÏÌÓÊËÚÂÎÂÈ, ÚÓ ÂÒÚ¸
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 Ë ‡Ì‡ÎÓ„Ë˜ÌÓ ‰Îfl Ô‡‡ÏÂÚÓ‚ Ó·‡ÚÌÓ„Ó ÓÚ-
‡ÊÂÌËfl Ë ÔÓıÓÊ‰ÂÌËfl.

Ç ÎËÚÂ‡ÚÛÂ ˜‡ÒÚÓ ËÒÔÓÎ¸ÁÛ˛Ú ÓÒÎ‡·Îfl˛˘ËÂ
ÏÌÓÊËÚÂÎË ‚ ÔË·ÎËÊÂÌËË, ÔË‚Ó‰fl˘ÂÏ Í ÏÌÓ-
ÊËÚÂÎflÏ, ‡Ì‡ÎÓ„Ë˜Ì˚Ï Ù‡ÍÚÓÛ ÑÂ·‡fl–Ç‡ÎÎÂ‡
‚ ÚÂÓËË ‡ÒÒÂflÌËfl Ì‡ ÍÓÎÂ·Î˛˘ËıÒfl ‡ÚÓÏ‡ı:

(3)

„‰Â Ô‡‡ÏÂÚ  ÓÔËÒ˚‚‡ÂÚ ÒÂ‰ÌÂÍ‚‡‰‡ÚË˜Ì˚Â
‚˚ÒÓÚ˚ ¯ÂÓıÓ‚‡ÚÓÒÚÂÈ Ì‡ „‡ÌËˆÂ ÏÂÊ‰Û 
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-Ú˚Ï
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j

 

-Ú˚Ï ÒÎÓflÏË. Ç ‡·ÓÚ‡ı [3, 4] ÓÚÏÂ˜ÂÌÓ, ˜ÚÓ Ó·-
Î‡ÒÚ¸ Ëı ÔËÏÂÌËÏÓÒÚË ÓÚÌÓÒËÚÒfl Í ÔÓ‚ÂıÌÓÒÚflÏ
Ò ‰ÎËÌÌÓÏ‡Ò¯Ú‡·Ì˚ÏË ¯ÂÓıÓ‚‡ÚÓÒÚflÏË.

ÑÛ„ÓÂ ÔË·ÎËÊÂÌËÂ ÓÒÌÓ‚‡ÌÓ Ì‡ ÂÁÛÎ¸Ú‡Ú‡ı,
ÔÓÎÛ˜ÂÌÌ˚ı ‚ÔÂ‚˚Â ‚ ‡·ÓÚÂ [5] Ë Á‡ÚÂÏ ‚ ÒÚ‡Ú¸-
flı [6–8]. èËÌflÚÓ Ò˜ËÚ‡Ú¸, ˜ÚÓ ÓÌÓ ÒÔ‡‚Â‰ÎË‚Ó
‰Îfl ÔÓ‚ÂıÌÓÒÚÂÈ Ò ÍÓÓÚÍÓÏ‡Ò¯Ú‡·Ì˚ÏË ¯ÂÓ-
ıÓ‚‡ÚÓÒÚflÏË [3, 4]. Ç ˝ÚÓÏ ÔË·ÎËÊÂÌËË

(4)

á‡ÏÂÚËÏ, ˜ÚÓ ‚Ó ‚ÒÂı ˆËÚËÓ‚‡ÌÌ˚ı ‡·ÓÚ‡ı ‡Ò-
ÒÏ‡ÚË‚‡ÂÚÒfl ÚÓÎ¸ÍÓ Ó‰Ì‡ ÔÓ‚ÂıÌÓÒÚ¸, ËÏÂ˛˘‡fl
ÂÁÍÛ˛ „‡ÌËˆÛ, Ë ÛÒÂ‰ÌÂÌËÂ ÔÓ‚Ó‰ËÚÒfl ÌÂ ‚
Û‡‚ÌÂÌËflı å‡ÍÒ‚ÂÎÎ‡, ‡ ÛÊÂ ‚ ÔÓÎÛ˜ÂÌÌ˚ı Â-
¯ÂÌËflı ‰Îfl Ó‰ÌÓÈ „‡ÌËˆ˚. èË ˝ÚÓÏ ÔËÏÂÌË-
ÏÓÒÚ¸ Ú‡ÍËı ÔË·ÎËÊÂÌËÈ ‰Îfl ‡Ò˜ÂÚ‡ ÏÌÓ„Ó-
ÒÎÓÈÌ˚ı ÁÂÍ‡Î Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÂÍÛÂÌÚÌ˚ı
ÒÓÓÚÌÓ¯ÂÌËÈ ÌË„‰Â ÌÂ Ó·ÒÛÊ‰‡ÂÚÒfl.

Ç ‡·ÓÚ‡ı [3, 4] Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ·ÓÌÓ‚ÒÍÓ„Ó
ÔË·ÎËÊÂÌËfl ‰Îfl ‚ÓÁÏÛ˘ÂÌÌ˚ı ‚ÓÎÌ Ò‰ÂÎ‡Ì‡ ÔÓ-
Ô˚ÚÍ‡ Ó·ÓÒÌÓ‚‡Ú¸ Ó·‡ ÔË·ÎËÊÂÌËfl Ë ÛÒÚ‡ÌÓ‚ËÚ¸
Ò‚flÁ¸ ÏÂÊ‰Û ÌËÏË. éÔflÚ¸ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÎË¯¸
Ó‰Ì‡ ÔÓ‚ÂıÌÓÒÚ¸, ËÏÂ˛˘‡fl ÂÁÍÛ˛ „‡ÌËˆÛ, Ë,
ÍÓÏÂ ÁÂÍ‡Î¸ÌÓ ÓÚ‡ÊÂÌÌÓÈ ‚ÓÎÌ˚, Û˜ËÚ˚‚‡˛Ú-
Òfl ‰ËÙÙÛÁÌ˚Â ‚ÓÎÌ˚ Ë Ëı ‚ÎËflÌËÂ Ì‡ ÁÂÍ‡Î¸ÌÓ
ÓÚ‡ÊÂÌÌÛ˛ ‚ÓÎÌÛ. á‡ÏÂÚËÏ, ˜ÚÓ ÌÂÒÏÓÚfl Ì‡ ËÒ-
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ÔÓÎ¸ÁÓ‚‡ÌËÂ Í‡ÒË‚Ó„Ó Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓ„Ó ÔÓ‰ıÓ-
‰‡, Ô‡ÍÚË˜ÂÒÍ‡fl ˆÂÌÌÓÒÚ¸ ÔÓÎÛ˜ÂÌÌ˚ı ‚ ˝ÚËı ‡-
·ÓÚ‡ı ÂÁÛÎ¸Ú‡ÚÓ‚ ÌÂ‚ÂÎËÍ‡ ÔÓ ÚÓÈ ÔË˜ËÌÂ, ˜ÚÓ
ÔÂ‰ÎÓÊÂÌÌÓÂ Ó·Ó·˘ÂÌËÂ ÂÁÛÎ¸Ú‡ÚÓ‚ Ì‡ ÒÎÛ˜‡È
ÏÌÓ„ÓÒÎÓÈÌ˚ı ÁÂÍ‡Î Ò ÏÌÓ„ËÏË ÔÓ‚ÂıÌÓÒÚflÏË
ÌÂÓ˜Â‚Ë‰ÌÓ.

Ç ‰‡ÌÌÓÈ ‡·ÓÚÂ ÔÂ‰ÒÚ‡‚ÎÂÌ Ì‡Ë·ÓÎÂÂ ÔflÏÓÈ
Ë ÔÓÒÚÓÈ ‚˚‚Ó‰ ÓÒÎ‡·Îfl˛˘Ëı Ù‡ÍÚÓÓ‚ ‚ ÔË-
·ÎËÊÂÌËË ÑÂ·‡fl–Ç‡ÎÎÂ‡ (3) Ë çÂ‚Ó–äÓÒÂ (4)
ÏÂÚÓ‰ÓÏ ÛÒÂ‰ÌÂÌËfl Ù‡ÁÓ‚˚ı ÏÌÓÊËÚÂÎÂÈ, ÍÓÚÓ-
˚È ËÒÔÓÎ¸ÁÛÂÚÒfl ‚Ó ‚ÒÂı ˆËÚËÓ‚‡ÌÌ˚ı ‡·ÓÚ‡ı
‚ Á‡‚Û‡ÎËÓ‚‡ÌÌÓÏ ‚Ë‰Â. àÁ ÒÔÓÒÓ·‡ ‚˚‚Ó‰‡ ÒÚ‡-
ÌÓ‚ËÚÒfl Ó˜Â‚Ë‰Ì˚Ï, ˜ÚÓ ÏÂÚÓ‰ ÓÒÎ‡·Îfl˛˘Ëı
Ù‡ÍÚÓÓ‚ ‚ ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓÏ ‚Ë‰Â ÓÔÂ‰ÂÎÂÌÌÓ
ÌÂÔËÏÂÌËÏ ‰Îfl Ò‡ÏÓÒÓ„Î‡ÒÓ‚‡ÌÌÓ„Ó ÂÍÛÂÌÚ-
ÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËfl (2). äÓÏÂ ÚÓ„Ó, Ò‡Ï ÔÓ‰ıÓ‰,
ÓÒÌÓ‚‡ÌÌ˚È Ì‡ ‡ÒÒÏÓÚÂÌËË ÂÁÍÓÈ „‡ÌËˆ˚,
ÒÔ‡‚Â‰ÎË‚ „Î‡‚Ì˚Ï Ó·‡ÁÓÏ ‰Îfl ‚ÌÂ¯ÌÂÈ „‡ÌË-
ˆ˚ ‚ÓÁ‰Ûı–‚Â˘ÂÒÚ‚Ó.

ÑÎfl ÏÂÊÒÎÓÈÌ˚ı „‡ÌËˆ ‚Â˘ÂÒÚ‚Ó–‚Â˘ÂÒÚ‚Ó
Ò‡ÏÓ ÔÓÌflÚËÂ ÂÁÍÓÈ „‡ÌËˆ˚ ÌÂ ‚ÔÓÎÌÂ ÍÓÂÍÚ-
ÌÓ ËÁ-Á‡ Ì‡ÎË˜Ëfl ‚ÂÒ¸Ï‡ Á‡ÏÂÚÌÓÈ ‰ËÙÙÛÁËË ‡ÚÓ-
ÏÓ‚ ËÁ Ó‰ÌÓ„Ó ÒÎÓfl ‚ ‰Û„ÓÈ. èÓ ˝ÚÓÈ ÔË˜ËÌÂ, ‡
Ú‡ÍÊÂ ÔÓÚÓÏÛ, ˜ÚÓ Ò‡ÏÓÒÓ„Î‡ÒÓ‚‡ÌÌÓÂ Â¯ÂÌËÂ
ÏÓÊÌÓ ÍÓÂÍÚÌÓ ÔÓÎÛ˜ËÚ¸ ÚÓÎ¸ÍÓ ‚ ‡ÏÍ‡ı Â‰Ë-
ÌÓ„Ó Û‡‚ÌÂÌËfl ‰Îfl ‚ÒÂÈ ÒÚÛÍÚÛ˚, ̄ ÂÓıÓ‚‡Ú˚Â
ÏÂÊÒÎÓÈÌ˚Â „‡ÌËˆ˚ ÌÂÓ·ıÓ‰ËÏÓ ‡ÒÒÏ‡ÚË‚‡Ú¸
‚ ‡ÏÍ‡ı ÔÓ‰ıÓ‰‡, ÓÒÌÓ‚‡ÌÌÓ„Ó Ì‡ ÛÒÂ‰ÌÂÌÌÓÏ
Û‡‚ÌÂÌËË å‡ÍÒ‚ÂÎÎ‡, ÍÓ„‰‡ ˘ÂÓıÓ‚‡Ú‡fl ÔÓ-
‚ÂıÌÓÒÚ¸ ÔË‚Ó‰ËÚ Í ‡ÁÎË˜ÌÓÈ ÒÚÛÍÚÛÂ ËÁÏÂ-
ÌÂÌËfl ˝ÎÂÍÚÓÌÌÓÈ ÔÎÓÚÌÓÒÚË ‚ ÔÂÂıÓ‰ÌÓÏ ÒÎÓÂ.
í‡ÍÓÈ ÔÓ‰ıÓ‰ ·Û‰ÂÚ ‡ÒÒÏÓÚÂÌ ‚ ÓÚ‰ÂÎ¸ÌÓÈ ‡·ÓÚÂ.

èË·ÎËÊÂÌËÂ ÑÂ·‡fl–Ç‡ÎÎÂ‡

ê‡ÒÒÏÓÚËÏ ‰‚‡ ÒÎÓfl Ò ËÌ‰ÂÍÒ‡ÏË i Ë j = i – 1 Ë
ËÒÔÓÎ¸ÁÛÂÏ Â‰ËÌÛ˛ ÒËÒÚÂÏÛ ÍÓÓ‰ËÌ‡Ú ‰Îfl Ó·ÓËı
ÒÎÓÂ‚, ÔË˜ÂÏ ÍÓÓ‰ËÌ‡Ú‡ z ÓÚÒ˜ËÚ˚‚‡ÂÚÒfl ‚ Ì‡-
Ô‡‚ÎÂÌËË ÔÓıÓ‰fl˘ÂÈ ‚ÓÎÌ˚. èÛÒÚ¸ ÒÂ‰Ìflfl „‡-
ÌËˆ‡ ÏÂÊ‰Û ÒÎÓflÏË ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ z = 0. Ç‚Â‰ÂÏ
‡ÏÔÎËÚÛ‰˚ ÔÓıÓ‰fl˘ÂÈ Ë ÓÚ‡ÊÂÌÌÓÈ ‚ÓÎÌ ‚ ÒÂ-

Â‰ËÌÂ Í‡Ê‰Ó„Ó ËÁ ÒÎÓÂ‚  Ë , ÒÓÓÚ‚ÂÚÒÚ‚Û-
˛˘ËÂ ÛÒÂ‰ÌÂÌÌÓÈ ÏÂÊÒÎÓÈÌÓÈ „‡ÌËˆÂ. 

êÂ¯ÂÌËÂ Û‡‚ÌÂÌËfl å‡ÍÒ‚ÂÎÎ‡ ‚ Í‡Ê‰ÓÏ ËÁ
ÒÎÓÂ‚ ËÏÂÂÚ ‚Ë‰:

(5)

Ç‚Â‰ÂÏ ÚÂÔÂ¸ ÎÓÍ‡Î¸ÌÛ˛ „‡ÌËˆÛ ÏÂÊ‰Û ÒÎÓflÏË
z = h(x, y). àÁ ÛÒÎÓ‚Ëfl ÌÂÔÂ˚‚ÌÓÒÚË ‡ÏÔÎËÚÛ‰˚
ÔÓÎfl ËÁÎÛ˜ÂÌËfl, ÚÓ ÂÒÚ¸, Ai(h) = Aj(h) Ë ÂÂ ÔÓËÁ-

Ai j,
T Ai j,

B

Ai z( ) Ai
T ikiz z di/2+[ ]( )exp +=

+ Ai
R ikiz z di/2+[ ]–( ),exp

A j z( ) A j
T ik jz z d j/2–[ ]( )exp +=

+ A j
R ik jz z d j/2–[ ]–( ).exp
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‚Ó‰ÌÓÈ Ì‡ ÎÓÍ‡Î¸ÌÓÈ „‡ÌËˆÂ ÔÓÎÛ˜‡ÂÏ Ò‚flÁ¸ ÏÂÊ-

‰Û ‡ÏÔÎËÚÛ‰‡ÏË  Ë  ‚ ‚Ë‰Â

(6)

„‰Â

(7)

á‰ÂÒ¸ ri, , ti,  – ÙÂÌÂÎÂ‚ÒÍËÂ Ô‡‡ÏÂÚ˚ ÓÚ‡ÊÂ-
ÌËfl Ë ÔÓıÓÊ‰ÂÌËfl, ÓÔÂ‰ÂÎÂÌÌ˚Â ÙÓÏÛÎÓÈ (1), Ë

(8)

îÓÏÛÎ˚ (6) ÔÂ‰ÔÓÎ‡„‡˛Ú, ˜ÚÓ ‡ÏÔÎËÚÛ‰‡ ÔÓıÓ-
‰fl˘ÂÈ ‚ÓÎÌ˚ ‚ i-ÚÓÏ ÒÎÓÂ Ë ‡ÏÔÎËÚÛ‰‡ ÓÚ‡ÊÂÌÌÓÈ
‚ÓÎÌ˚ ‚ j-ÚÓÏ ÒÎÓÂ fl‚Îfl˛ÚÒfl ÌÂÁ‡‚ËÒËÏ˚ÏË, ‡ ‰‚Â
‰Û„ËÂ ‡ÏÔÎËÚÛ‰˚ ÓÔÂ‰ÂÎfl˛ÚÒfl ‚ ÂÁÛÎ¸Ú‡ÚÂ ÓÚ-
‡ÊÂÌËfl Ë ÔÓıÓÊ‰ÂÌËfl ˜ÂÂÁ „‡ÌËˆÛ ÏÂÊ‰Û ÒÎÓ-

flÏË. í‡Í Í‡Í, ÔÓ ÓÔÂ‰ÂÎÂÌË˛, ‡ÏÔÎËÚÛ‰˚  Ë

, ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÛÒÂ‰ÌÂÌÌÓÈ „‡ÌËˆÂ, Ì‡Ï ÌÂ-
Ó·ıÓ‰ËÏÓ ÛÒÂ‰ÌËÚ¸ ÒÓÓÚÌÓ¯ÂÌËfl (6) ÔÓ ‚ÓÁÏÓÊ-
Ì˚Ï ÔÓÎÓÊÂÌËflÏ „‡ÌËˆ˚. èË ˝ÚÓÏ Ó˜Â‚Ë‰ÌÓ
ÛÒÂ‰Ìfl˛ÚÒfl ÚÓÎ¸ÍÓ Ù‡ÁÓ‚˚Â ÏÌÓÊËÚÂÎË. é·˚˜-
ÌÓ ÔÓÎ‡„‡˛Ú, ˜ÚÓ ÎÓÍ‡Î¸ÌÓÂ ÔÓÎÓÊÂÌËÂ „‡ÌËˆ˚
h(x, y) fl‚ÎflÂÚÒfl ÒÎÛ˜‡ÈÌÓÈ ‚ÂÎË˜ËÌÓÈ, ‡ÒÔÂ‰Â-
ÎÂÌÌÓÈ ÔÓ „‡ÛÒÒÓ‚ÓÏÛ Á‡ÍÓÌÛ Ò ÙÛÌÍˆËÂÈ ‚ÂÓflÚÌÓ-
ÒÚË w(h) = [σ(2π)1/2]–1exp(–h2/2σ2) ÓÍÓÎÓ ÒÂ‰ÌÂ„Ó
ÁÌ‡˜ÂÌËfl h = 0. ë ÔÓÏÓ˘¸˛ Ú‡·ÎË˜ÌÓ„Ó ËÌÚÂ„‡Î‡:

(9)

‚˚˜ËÒÎÂÌËfl ‚˚ÔÓÎÌfl˛ÚÒfl ‚ ‡Ì‡ÎËÚË˜ÂÒÍÓÏ ‚Ë‰Â, Ë
ÂÁÛÎ¸Ú‡Ú ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÔÓfl‚ÎÂÌË˛ ÓÒÎ‡·Îfl˛˘Ëı
ÍÓ˝ÙÙËˆËÂÌÚÓ‚, ÓÔÂ‰ÂÎÂÌÌ˚ı ÙÓÏÛÎÓÈ (3).

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ

(10)

á‰ÂÒ¸ ÍÓ˝ÙÙËˆËÂÌÚ Ci ÓÔÂ‰ÂÎÂÌ ‚ ÙÓÏÛÎÂ (2).
á‡ÏÂÚËÏ, ˜ÚÓ ‚ ‰‡ÌÌÓÏ ÔÓ‰ıÓ‰Â ÙÓÏÛÎÂ (2) ÒÓÓÚ-
‚ÂÚÒÚ‚Û˛Ú ÓÔÂ‰ÂÎÂÌËfl:

(11)

Ú‡Í Í‡Í Ô‡‡ÏÂÚ˚ Ri Ë Rj ÓÔÂ‰ÂÎÂÌ˚ ‰Îfl ‚Âı-
ÌÂÈ ˜‡ÒÚË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÒÎÓÂ‚.

Ai j,
T Ai j,

B

Ai
R ri

c( )Ai
T ti

c( )A j
R, A j

T+ ti
c( )Ai

T ri
c( )A j

R,+= =

ri
c( ) riBi

c( ), ri
c( ) riB j

2– , ti
c( ) tiBiB j

1– ,= = =

ti
c( ) tiBiB j

1– .=

ri ti

Bi ikiz h di/2+[ ]( ),exp=

B j ik jz h d j/2–[ ]( ).exp=

Ai j,
T

Ai j,
B

iαh( )w h( )exp hd∫ α2σ2/2–( ),exp=

ri
c( )〈 〉 ri Bi

2〈 〉 ri 2kiz
2 σ2–( )Ci,exp= =

ri
c( )〈 〉 ri Bi

2–〈 〉 ri 2k jz
2 σ2–( )C j,exp= =

ti
c( )〈 〉 ti BiB j

1–〈 〉  ==

=  ti kiz k jz–[ ] 2σ2/2–( ) CiC j( )1/2,exp

ti
c( )〈 〉 ti BiB j

1–〈 〉  ==

=  ti kiz k jz–[ ] 2σ2/2–( ) CiC j( )1/2.exp

Ai
R Ai

T RiCi
1– , A j

T A j
RR j

1– C j,= =

ä‡Í ÒÎÂ‰ÛÂÚ ËÁ ÔÂ‰ÒÚ‡‚ÎÂÌÌÓ„Ó ‚˚‚Ó‰‡, ‚‚Â-
‰ÂÌËÂ ÓÒÎ‡·Îfl˛˘Ëı ÏÌÓÊËÚÂÎÂÈ ‚ ÙÓÏÂ (3)
‚ÔÓÎÌÂ ÓÔ‡‚‰‡ÌÓ ÔË ‡ÒÒÏÓÚÂÌËË ÍÓ˝ÙÙËˆË-
ÂÌÚÓ‚ ÓÚ‡ÊÂÌËfl Ë ÔÓıÓÊ‰ÂÌËfl Ó‰ÌÓÈ ÔÓ‚ÂıÌÓ-
ÒÚ¸˛, ÍÓ„‰‡ Ô‡‰‡˛˘ËÂ Ì‡ ÔÓ‚ÂıÌÓÒÚ¸ ‚ÓÎÌ˚ ËÁ
Ó·ÓËı ÒÎÓÂ‚ ÏÓÊÌÓ Ò˜ËÚ‡Ú¸ ÌÂÁ‡‚ËÒËÏ˚ÏË. é‰Ì‡-
ÍÓ ‚ ÂÍÛÂÌÚÌÓÏ ÒÓÓÚÌÓ¯ÂÌËË (2) ‰Îfl ‡Ò˜ÂÚ‡
ÓÚ‡ÊÂÌËfl ÏÌÓ„ÓÒÎÓÈÌÓÈ ÒÚÛÍÚÛÓÈ ÌÂÁ‡‚ËÒË-
Ï˚Ï Ò˜ËÚ‡ÂÚÒfl Ô‡‡ÏÂÚ Rj ÔË ‚˚˜ËÒÎÂÌËË Ô‡‡-
ÏÂÚ‡ Ri. çÓ Ô‡‡ÏÂÚ Rj ÌÂ fl‚ÎflÂÚÒfl ÌÂÁ‡‚ËÒË-
Ï˚Ï, ÔÓÒÍÓÎ¸ÍÛ ÔË Â„Ó ÓÔÂ‰ÂÎÂÌËË ËÒÔÓÎ¸ÁÛÂÚ-

Òfl Á‡‚ËÒËÏ˚È Ô‡‡ÏÂÚ  – ‡ÏÔÎËÚÛ‰‡ ‚ÓÎÌ˚,
Û‰‡Îfl˛˘ÂÈÒfl ÓÚ ÔÓ‚ÂıÌÓÒÚË. èÓ˝ÚÓÏÛ ˝ÙÙÂÍÚ˚
ÏÌÓ„ÓÍ‡ÚÌÓ„Ó ÓÚ‡ÊÂÌËfl ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ÌÂ
Ì‡ ÎÓÍ‡Î¸ÌÓÈ ÔÓ‚ÂıÌÓÒÚË, ‡ Ì‡ ÒÂ‰ÌÂÈ ÔÓ‚Âı-
ÌÓÒÚË. é˜Â‚Ë‰ÌÓ ÔË·ÎËÊÂÌËÂ ÑÂ·‡fl–Ç‡ÎÎÂ‡ ÌÂ
‚ÌÓÒËÚ ÒÛ˘ÂÒÚ‚ÂÌÌ˚ı Ó¯Ë·ÓÍ ÎË¯¸ ‚ ÍËÌÂÏ‡ÚË-
˜ÂÒÍÓÏ ÔË·ÎËÊÂÌËË, ÍÓ„‰‡ ˝ÙÙÂÍÚ‡ÏË ÏÌÓ„Ó-
Í‡ÚÌÓ„Ó ÓÚ‡ÊÂÌËfl ÏÓÊÌÓ ÔÂÌÂ·Â˜¸.

èË·ÎËÊÂÌËÂ çÂ‚Ó–äÓÒÂ

ê‡ÒÒÏÓÚËÏ ÒÌÓ‚‡ ‚ÓÎÌÓ‚˚Â ÔÓÎfl ‚ ‰‚Ûı ÒÎÓflı,
ÓÔÂ‰ÂÎÂÌÌ˚Â Û‡‚ÌÂÌËÂÏ (5), ÌÓ ÚÂÔÂ¸ ËÏÂfl ‚
‚Ë‰Û ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÂÍÛÂÌÚÌ˚ı ÒÓÓÚÌÓ¯ÂÌËÈ
‰Îfl ‡Ò˜ÂÚ‡ ÏÌÓ„ÓÒÎÓÈÌÓÈ ÒÚÛÍÚÛ˚ ·Û‰ÂÏ Ò˜Ë-
Ú‡Ú¸ ÌÂÁ‡‚ËÒËÏ˚ÏË ‡ÏÔÎËÚÛ‰˚ ÔÓÎÂÈ ‚ j-ÚÓÏ ÒÎÓÂ
Ë ‚˚‡ÁËÏ ˜ÂÂÁ ÌËı ‡ÏÔÎËÚÛ‰˚ ÔÓÎÂÈ ‚ i-ÚÓÏ
ÒÎÓÂ. éÔflÚ¸ ËÒÔÓÎ¸ÁÛfl ÛÒÎÓ‚ËÂ ÌÂÔÂ˚‚ÌÓÒÚË
‡ÏÔÎËÚÛ‰˚ ÔÓÎfl Ë Â„Ó ÔÓËÁ‚Ó‰ÌÓÈ, Á‡ÔË¯ÂÏ ÒÓ-
ÓÚÌÓ¯ÂÌËfl ‚ Ï‡ÚË˜ÌÓÏ ‚Ë‰Â

(12)

„‰Â

(13)

èÂ‰ÔÓÎ‡„‡fl, ˜ÚÓ ‡ÏÔÎËÚÛ‰˚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÛÒ-
Â‰ÌÂÌÌÓÈ ÔÓ‚ÂıÌÓÒÚË, ÔÓ‚Â‰ÂÏ ÛÒÂ‰ÌÂÌËÂ
Û‡‚ÌÂÌËÈ (12) ÔÓ ‚ÓÁÏÓÊÌ˚Ï ÒÎÛ˜‡ÈÌ˚Ï ÔÓÎÓÊÂ-
ÌËflÏ ÔÓ‚ÂıÌÓÒÚË. ùÚÓ ÓÔflÚ¸ ̋ Í‚Ë‚‡ÎÂÌÚÌÓ ‚˚˜ËÒ-
ÎÂÌË˛ ÒÂ‰ÌËı ÁÌ‡˜ÂÌËÈ Ù‡ÁÓ‚˚ı ÏÌÓÊËÚÂÎÂÈ.
ê‡Ò˜ÂÚ ‡Ì‡ÎÓ„Ë˜ÂÌ ‡ÒÒÏÓÚÂÌÌÓÏÛ ‚˚¯Â. êÂÁÛÎ¸-
Ú‡Ú ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ ‚ ‚Ë‰Â:

(14)

á‡ÏÂÚËÏ, ̃ ÚÓ ‡ÒÒÏÓÚÂÌÌ˚È ‚˚¯Â ÔÓÒÚÓÈ Ë Ôfl-
ÏÓÈ ‡Ò˜ÂÚ ÔÓÎÌÓÒÚ¸˛ ‚ÓÒÔÓËÁ‚Ó‰ËÚ ÂÁÛÎ¸Ú‡Ú˚

A j
T

Ai
T att A j

T air A j
R
, Ai

R+ art A j
T arr A j

R,+= =

att α+Bi
1– B j, atr α–Bi

1– B j
1– , art α–BiB j,= = =

arr α+BiB j
1– , α±

1
2
--- 1

k jz

kiz

------± 
  .= =

att〈 〉  = α+ Bi
1– Bj〈 〉  = α+ kiz k jz–[ ] 2σ2/2–( ) CiCj( ) 1/2– ,exp

atr〈 〉  = α– Bi
1– Bj

1–〈 〉  = α– kiz kjz+[ ] 2σ2/2–( )Ci
1/2– Cj

1/2,exp

art〈 〉  = α– BiBj〈 〉  = α– kiz k jz+[ ] 2σ2/2–( )Ci
1/2Cj

1/2– ,exp

arr〈 〉  = α+ BiBj
1–〈 〉  = α+ kiz k jz–[ ] 2σ2/2–( ) CiCj( )1/2.exp
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äÓÌ

‡·ÓÚ˚ [6], ÔÓÎÛ˜ÂÌÌ˚Â Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÚÂÓÂ-
Ï˚ ÉËÌ‡.

ÑÎfl Ë‰Â‡Î¸ÌÓ „Î‡‰ÍÓÈ ÔÓ‚ÂıÌÓÒÚË Ï‡ÚË˜Ì˚È
ÔÓ‰ıÓ‰ (12) ˝Í‚Ë‚‡ÎÂÌÚÂÌ ËÒÔÓÎ¸ÁÓ‚‡ÌË˛ ÂÍÛ-
ÂÌÚÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËfl (2). ÑÎfl ¯ÂÓıÓ‚‡ÚÓÈ ÔÓ-
‚ÂıÌÓÒÚË Á‡ÏÂÌ‡ Ï‡ÚË˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚ Ì‡ Ëı ÛÒ-
Â‰ÌÂÌÌ˚Â ÁÌ‡˜ÂÌËfl ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ‚ÔÓÎÌÂ ‡ÁÛÏ-
ÌÓÈ, ıÓÚfl Ò‡ÏË Ï‡ÚË˜Ì˚Â ˝ÎÂÏÂÌÚ˚ ÌÂ ËÏÂ˛Ú
ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ„Ó ÙËÁË˜ÂÒÍÓ„Ó ÒÏ˚ÒÎ‡, ÔÓÒÍÓÎ¸-
ÍÛ ÓÌË Ò‚flÁ˚‚‡˛Ú ÏÂÊ‰Û ÒÓ·ÓÈ ‚ÓÎÌ˚ Í‡Í Û‰‡Îfl˛-
˘ËÂÒfl ÓÚ ÔÓ‚ÂıÌÓÒÚË, Ú‡Í Ë ÔË·ÎËÊ‡˛˘ËÂÒfl Í
ÌÂÈ. Ç˚‡ÁËÏ ÚÂÔÂ¸ Ó·Ó·˘ÂÌÌ˚Â Ô‡‡ÏÂÚ˚ ÓÚ-
‡ÊÂÌËfl Ë ÔÓıÓÊ‰ÂÌËfl ˜ÂÂÁ ÛÒÂ‰ÌÂÌÌ˚Â Ï‡Ú-

Ë˜Ì˚Â ̋ ÎÂÏÂÌÚ˚ (14). é˜Â‚Ë‰ÌÓ 〈 〉  = / , Ë

〈 〉  = /  ÔË ÛÒÎÓ‚ËË  = 0. ÄÌ‡ÎÓ„Ë˜ÌÓ

〈 〉  = / , Ë 〈 〉  = /  ÔË ÛÒÎÓ‚ËË  = 0.
Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜‡ÂÏ:

(15)

í‡ÍËÏ Ó·‡ÁÓÏ, Ó·Ó·˘ÂÌÌ˚Â Ô‡‡ÏÂÚ˚ ÔflÏÓ„Ó
Ë Ó·‡ÚÌÓ„Ó ÓÚ‡ÊÂÌËfl ËÏÂ˛Ú ÚÂ ÊÂ Ù‡ÁÓ‚˚Â
ÏÌÓÊËÚÂÎË, ÌÓ ‰Û„ÓÈ ÓÒÎ‡·Îfl˛˘ËÈ Ù‡ÍÚÓ ÔÓ
Ò‡‚ÌÂÌË˛ Ò ÔË·ÎËÊÂÌËÂÏ ÑÂ·‡fl–Ç‡ÎÎÂ‡.

é‰Ì‡ÍÓ Ó·Ó·˘ÂÌÌ˚Â Ô‡‡ÏÂÚ˚ ÔflÏÓ„Ó Ë Ó·-
‡ÚÌÓ„Ó ÔÓıÓÊ‰ÂÌËfl ÌÂ Û‰Ó‚ÎÂÚ‚Ófl˛Ú Ó˜Â‚Ë‰-
ÌÓÏÛ Ô‡‚ËÎÛ ÒËÏÏÂÚËË ÓÚÌÓÒËÚÂÎ¸ÌÓ Á‡ÏÂÌ˚
ËÌ‰ÂÍÒÓ‚ i Ë j, ÔÓÒÍÓÎ¸ÍÛ 

(16)

ùÚÓÚ ÂÁÛÎ¸Ú‡Ú ÓÚÏÂ˜ÂÌ ‚ ‡·ÓÚ‡ı [4, 8]. íÂÏ ÌÂ ÏÂ-
ÌÂÂ, ÎÂ„ÍÓ Û·Â‰ËÚ¸Òfl ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ, ˜ÚÓ Ò ÚÓ˜-
ÌÓÒÚ¸˛ ‰Ó ̃ ÎÂÌÓ‚ ÔÓfl‰Í‡ σ2 Ó·‡ Ù‡ÍÚÓ‡ ÒÓ‚Ô‡‰‡-
˛Ú Ë ‡‚Ì˚ f(σ) = (σ) = 1 + [kiz – kjz]2σ2/2 + o(σ4).
í‡ÍËÏ Ó·‡ÁÓÏ, ÌÂÙËÁË˜ÂÒÍËÂ Ò‚ÓÈÒÚ‚‡ ÔÓfl‚Îfl˛Ú-
Òfl ÚÓÎ¸ÍÓ ‚ ̃ ÎÂÌ‡ı ·ÓÎÂÂ ‚˚ÒÓÍÓ„Ó ÔÓfl‰Í‡ ÔÓ σ2. 

ÑÓÔÓÎÌËÚÂÎ¸Ì˚Â Á‡ÏÂ˜‡ÌËfl

éÒÎ‡·Îfl˛˘ËÈ Ù‡ÍÚÓ ‚ ÔË·ÎËÊÂÌËË ÑÂ·‡fl–
Ç‡ÎÎÂ‡ ÂÒÚÂÒÚ‚ÂÌÌ˚Ï Ó·‡ÁÓÏ ÔÓfl‚ÎflÂÚÒfl ÔË
Â¯ÂÌËË Û‡‚ÌÂÌËfl å‡ÍÒ‚ÂÎÎ‡ ‚ ÔÂ‚ÓÏ ·ÓÌÓ‚-
ÒÍÓÏ ÔË·ÎËÊÂÌËË [9], ÍÓ„‰‡ ‡ÏÔÎËÚÛ‰‡ ÓÚ‡ÊÂ-
ÌËfl Ï‡Î‡ Ë ÔÓÔÓˆËÓÌ‡Î¸Ì‡ ÔÂ‚ÓÈ ÒÚÂÔÂÌË ‡Á-

ri
c( ) Ai

R Ai
T

ti
c( ) A j

R A j
T A j

R

ri
c( ) A j

R A j
T ti

c( ) Ai
T A j

T Ai
T

ri
c( )〈 〉

art〈 〉
att〈 〉

----------- ri 2kizk jzσ
2–( )Ci,exp= =

ri
c( )〈 〉

atr〈 〉
att〈 〉

----------- ri 2kizk jzσ
2–( )C j,exp= =

ti
c( )〈 〉 1

att〈 〉
----------- ti f σ( ) CiC j( )1/2,= =

ti
c( )〈 〉 arr〈 〉

art〈 〉 atr〈 〉
att〈 〉

-----------------------– ti f σ( ) CiC j( )1/2.= =

f σ( ) kiz k jz–[ ] 2σ2/2( )exp ,=

f σ( ) = kiz kjz–[ ] 2σ2/2–( )
1 ri

2 4kizkjzσ
2–( )exp–

1 ri
2–

---------------------------------------------------.exp

f

ÌÓÒÚË [kiz – kjz]. èË ˝ÚÓÏ ‡ÁÎË˜ËÂ ÏÂÊ‰Û Ù‡ÍÚÓ‡-

ÏË exp(–2 σ2) Ë exp(–2kizkjzσ2) ‰‡ÊÂ ‚ ÎËÌÂÈÌÓÏ
ÔË·ÎËÊÂÌËË ÔÓ σ2 ÓÍ‡Á˚‚‡ÂÚÒfl ˜ÎÂÌÓÏ ‚ÚÓÓ„Ó
ÔÓfl‰Í‡ ÔÓ Ï‡ÎÓÏÛ Ô‡‡ÏÂÚÛ [kiz – kjz]. á‡ÏÂÚËÏ,
˜ÚÓ ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓÂ ÛÒÂ‰ÌÂÌËÂ Ù‡ÁÓ‚˚ı ÏÌÓÊË-
ÚÂÎÂÈ ‚ Ô‡‡ÏÂÚ‡ı ÓÚ‡ÊÂÌËfl Ë ÔÓıÓÊ‰ÂÌËfl Ì‡
Ó‰ÌÓÈ „‡ÌËˆÂ ‚ÔÓÎÌÂ Á‡ÍÓÌÌÓ ÔË ÓÚÒÛÚÒÚ‚ËË ÏÌÓ-
„ÓÍ‡ÚÌÓ„Ó ÓÚ‡ÊÂÌËfl. é‰Ì‡ÍÓ ÓÌÓ ÌÂÔËÏÂÌËÏÓ
‰Îfl ÂÍÛÂÌÚÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËfl ÔÓ ÔË˜ËÌÂ ÚÓ„Ó,
˜ÚÓ ÓÌÓ ÌÂ Û˜ËÚ˚‚‡ÂÚ ÏÌÓ„ÓÍ‡ÚÌ˚Â ÓÚ‡ÊÂÌËfl.

ä‡Í ËÁ‚ÂÒÚÌÓ, Â¯ÂÌËÂ Û‡‚ÌÂÌËfl å‡ÍÒ‚ÂÎÎ‡ ‚
·ÓÌÓ‚ÒÍÓÏ ÔË·ÎËÊÂÌËË ‰Îfl ‚ÓÁÏÛ˘ÂÌÌ˚ı ‚ÓÎÌ
[3, 4] fl‚ÎflÂÚÒfl ÚÓ˜Ì˚Ï ‰Ó ̃ ÎÂÌÓ‚ ÔÂ‚Ó„Ó ÔÓfl‰Í‡
ÔÓ σ2 Ë ÔË‚Ó‰ËÚ Í ÚÂÏ ÊÂ ÂÁÛÎ¸Ú‡Ú‡Ï, ˜ÚÓ Ë ‚
‡ÒÒÏÓÚÂÌÌÓÏ ‚˚¯Â ÔË·ÎËÊÂÌËË çÂ‚Ó–äÓÒÂ.
èÓ ˝ÚÓÈ ÔË˜ËÌÂ ÒÎÂ‰ÛÂÚ ÔËÁÌ‡Ú¸, ˜ÚÓ ÔË·ÎË-
ÊÂÌËÂ çÂ‚Ó–äÓÒÂ fl‚ÎflÂÚÒfl ·ÓÎÂÂ ÔÓÒÎÂ‰Ó‚‡-
ÚÂÎ¸Ì˚Ï Ë Ò‡ÏÓÒÓ„Î‡ÒÓ‚‡ÌÌ˚Ï, ˜ÂÏ ÔË·ÎËÊÂ-
ÌËÂ ÑÂ·‡fl–Ç‡ÎÎÂ‡. é‰Ì‡ÍÓ Ë ‚ ÌÂÏ ˜ÎÂÌ˚ ·ÓÎÂÂ
‚˚ÒÓÍÓ„Ó ÔÓfl‰Í‡ ÔÓ Ô‡‡ÏÂÚÛ ¯ÂÓıÓ‚‡ÚÓÒÚË
ÌÂ Û‰Ó‚ÎÂÚ‚Ófl˛Ú Ó˜Â‚Ë‰ÌÓÏÛ Ò‚ÓÈÒÚ‚Û ÒËÏÏÂÚ-
ËË, ˜ÚÓ ÛÍ‡Á˚‚‡ÂÚ Ì‡ Â„Ó Ó„‡ÌË˜ÂÌÌÛ˛ ÔËÏÂ-
ÌËÏÓÒÚ¸.

á‡ÏÂÚËÏ, ˜ÚÓ ‚ ÔÂ‰ÒÚ‡‚ÎÂÌÌÓÏ ‚˚¯Â ‚˚‚Ó‰Â
ÌËÍ‡ÍËı ÔÂ‰ÔÓÎÓÊÂÌËÈ Ó ‰ÎËÌÂ ÔÓ‰ÓÎ¸ÌÓÈ ÍÓ-
ÂÎflˆËË ¯ÂÓıÓ‚‡ÚÓÒÚÂÈ ÌÂ ‰ÂÎ‡ÎÓÒ¸ Í‡Í ÔË ‚˚-
‚Ó‰Â ÔË·ÎËÊÂÌËfl çÂ‚Ó–äÓÒÂ, Ú‡Í Ë ÔË ‚˚‚Ó‰Â
ÔË·ÎËÊÂÌËfl ÑÂ·‡fl–Ç‡ÎÎÂ‡. èÓ ˝ÚÓÈ ÔË˜ËÌÂ
‚˚‚Ó‰ Ó ÚÓÏ, ˜ÚÓ ÔË·ÎËÊÂÌËÂ ÑÂ·‡fl–Ç‡ÎÎÂ‡ fl‚-
ÎflÂÚÒfl ·ÓÎÂÂ ÚÓ˜Ì˚Ï ‚ ÒÎÛ˜‡Â ‰ÎËÌÌÓÏ‡Ò¯Ú‡·Ì˚ı
¯ÂÓıÓ‚‡ÚÓÒÚÂÈ [3, 4], ‚ ÚÓ ‚ÂÏfl Í‡Í ÔË·ÎËÊÂ-
ÌËÂ çÂ‚Ó–äÓÒÂ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÍÓÓÚÍÓÏ‡Ò¯Ú‡·-
Ì˚Ï ¯ÂÓıÓ‚‡ÚÓÒÚflÏ ÌÂ ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl Û·Â‰Ë-
ÚÂÎ¸Ì˚Ï. ùÙÙÂÍÚ ‚ÎËflÌËÂ ‰ËÙÙÛÁÌ˚ı ‚ÓÎÌ Ì‡
ÁÂÍ‡Î¸ÌÓ ÓÚ‡ÊÂÌÌÛ˛ ‚ÓÎÌÛ ÔÓfl‚ÎflÂÚÒfl ÚÓÎ¸ÍÓ
‚ ÏÓ‰ÂÎË ÂÁÍÓÈ „‡ÌËˆ˚ ÏÂÊ‰Û ÒÎÓflÏË, ˜ÚÓ ÌÂ
‚ÔÓÎÌÂ ÒÓÓÚ‚ÂÚÒ‚ÛÂÚ ÒÚÛÍÚÛÂ ÏÂÊÒÎÓÈÌ˚ı „‡-
ÌËˆ ÏÌÓ„ÓÒÎÓÈÌ˚ı ÁÂÍ‡Î ËÁ-Á‡ Ì‡ÎË˜Ëfl ‚Á‡ËÏ-
ÌÓÈ ‰ËÙÙÛÁËË ‡ÚÓÏÓ‚ ËÁ ÒÎÓfl ‚ ÒÎÓÈ. èÓ-‚Ë‰ËÏÓ-
ÏÛ ·ÓÎÂÂ Ô‡‚ËÎ¸Ì˚È ÏÂÚÓ‰ ‡Ò˜ÂÚ‡ ÁÂÍ‡Î¸ÌÓ„Ó
ÓÚ‡ÊÂÌËfl ÂÌÚ„ÂÌÓ‚ÒÍËı ÎÛ˜ÂÈ ‰ÓÎÊÂÌ ËÒÔÓÎ¸-
ÁÓ‚‡Ú¸ ÛÒÂ‰ÌÂÌÌÓÂ Û‡‚ÌÂÌËÂ å‡ÍÒ‚ÂÎÎ‡, ‚ ÍÓÚÓ-
ÓÏ ÔÓÎflËÁÛÂÏÓÒÚ¸ Á‡‚ËÒËÚ ÎË¯¸ ÓÚ ÍÓÓ‰ËÌ‡Ú˚
ÔÓ ÌÓÏ‡ÎË Í ÔÓ‚ÂıÌÓÒÚË, ‡ ¯ÂÓıÓ‚‡ÚÓÒÚ¸ ÔÓ-
‚ÂıÌÓÒÚË ÔÓfl‚ÎflÂÚÒfl ‚ ‚Ë‰Â Ì‡ÎË˜Ëfl ÔÂÂıÓ‰ÌÓ-
„Ó ÒÎÓfl [9–11].
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On the Theory of X-Ray Reflectivity by Multilayer Mirrors. 
I. Debye–Waller and Nevot–Croce Approximations for Taking 

into Account The Roughness of Interfaces
V. G. Kohn

A simple and straightforward derivation of the decreasing factors is presented for the Debye–Waller and Nev-
ot–Croce approximations taking into account the roughness of the interfaces in calculation of the X-ray reflec-
tivity by means of recurrent relations. The Debye–Waller approximation is obtained directly by means of av-
eraging the phase factors in reflection and transmission parameters for one interface where the multiple reflec-
tions were not taken into account. The Nevot–Croce approximation is obtained by means of averaging the
matrix elements of transition from one layer to another layer. A following calculation of the reflection and
transmission parameters takes effectively account of the multiple reflections. However this approximation is
self-consistent only for the terms of first order in the roughness parameter σ2.


