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Abstract. A theory describing the time evolution of coherent scattering of a synchrotron 
radiation pulse by a nuclear ensemble in a crystal subjecled to acoustic vibrarions is presented 
for the case where the nuclei are vibrated in unison. A general multiple-diffraction scattering is 
considered which involves scattering in the forward direction as well as the two-beam Bragg or 
h u e  diffraction as particuLv cases. The vibrations cause only the phase shift of the resonantly 
scattered radiation field which depends on the positions of nuclei at &e moments of excitation 
and deexcitation. The time evolution as a result turns out to be insensitive to vibralioos. It is 
shown that the time evolution of scauenhg from two vibrating crystals contains information on 
their relative motion. 

1. Introduction 

Mossbauer energy spectra are known to be very sensitive to nuclear motions. Harmonic 
vibrations with a frequency f result in satellite lines which are spaced out with the period 
Znfh [I] (see e.g. the review [Z] and references therein). The small natural width of the 
nuclear y-resonance ra and the short wavelength of the Mossbauer radiation ho define the 
scale of frequency and amplitude sensitivity of the Mossbauer spectra to vibrations. For 
example, in the case of 14.413 keV y-resonance of "Fe nuclei the corresponding values are 
ro = 7.068 x lo6 s-' and ho = 0.861 A. The different aspects of the effect of vibrations 
on Mossbauer energy absorption and diffraction spectra were considered theoretically in 
[3-10]. 

The influence of vibrations on the Mossbauer time spectra was investigated 
experimentally recently in [ll].  The effect of vibrations in the important particular case, 
where the nuclei were vibrating in unison, on the time evolution of the nuclear Bragg 
diffraction in a perfect 57F&03 crystal was studied. The time spectra were measured 
by exciting the nuclei in the crystal by synchrotron radiation pulses (for reviews on the 
Mossbauer spectroscopy in the time domain see e.g. [12-14]). The influence of vibrations 
in the same sample on the diffraction energy spectra was investigated earlier in [ 101. It 
was shown that unl ie  the energy spectra the time spectra are not affected by the.vibrations 
excited in the "FeB4 crystal. This result was explained in [ll] by the fact that after the 
excitation by a synchrotron radiation pulse the nuclei vibrating in unison cause only the 
phase modulation of the scattered radiation. Installation of the resonant nuclear absorber- 
the second "FeB03 crystal4ownstream from the vibrating crystal revealed an effect of 
vibrations in the time spectra of scattering from both crystals. 
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We present a theory which was developed to describe the results of the experiment [ 1 I] 
and was used there to fit the data. The theory is more general than the case investigated 
experimentally. The influence of nuclear vibrations on the coherent nuclear scattering is 
considered in a general multiple-difiaction case which includes the forward scattering as 
well as the two-beam Bragg or Laue diffraction as particular cases. The theory is restricted 
to the unison mode of nuclear vibrations which corresponds for instance to ultrasound 
vibrations with the wavelength exceeding dimensions of the effective coherent scattering 
volume in a crystal. The time dependence of nuclear coherent scattering from ultrasound 
with short wavelength or from phonons is quite different and will be treated elsewhere. 

In section 2 we derive general formulae useful for calculating the Massbauer time spectra 
of inelastic coherent scattering. The dynamic equations for the multiple diffraction in the 
vibrating crystal are derived in section 3. The solutions of these equations in general form 
are obtained in section 4. The theory confirms the experimentally observed insensitivity of 
Massbailer time spectra to the unison vibrations of nuclei. This result is generalized to any 
type of coherent scattering and to any form of unison vibrations. 

In section 5 of the paper general equations for calculating the time spectra of the 
successive scattering from two or more vibrating crystals are presented. Two particular 
examples are discussed. The first one is the scattering from the vibrating Bragg reflector 
and the absorber moving with constant velocity. The second example is the nuclear 
forward scattering from two resonance absorbers. It is shown that the time spectra contain 
information on the relative motion of the samples even if in that case the vibrations are not 
synchronized with the synchrotron radiation pulse. 

2. General formulae 

To describe the time evolution of the coherent scattering of the synchrotron radiation pulse 
from a nuclear ensemble in a crystal we shall follow the general procedure proposed in 
[15] which has exploited the formalism of response functions. The method of [I51 was 
developed to describe elastic coherent scattering, namely, a spatially coherent scattering 
without the change of the radiation frequency. We shall generalize the formalism to the 
cases of inelastic coherent scattering, a spatially coherent process with the change of the 
frequency. This type of scattering may occur due to nuclear vibrations, time-dependent 
hyperfine interactions, etc. 

We shall specify the type of inelastic scattering in the next section. Here we shall 
consider the inelastic scattering in a general way by introducing a timedependent scattering 
amplitude Rf"(t,  w )  which is the response of a scatterer on the monochromatic wave of 
frequency o and polarization s'. Inelastic scattering due to nuclear vibrations [3,6,9,16] or 
time-dependent hyperfine interactions I17,18] results in the appearance of new frequency 
components in the spectrum of the scattered radiation. Therefore the inelastic scattering 
amplitude unlike the elastic one (cf. [151) is time dependent. We shall assume also that the 
scatterer can change the state of polarization of the radiation from s' to s. 

It is convenient to proceed from the coherent incident radiation field of general Form 
fin@). The actual properties of the synchrotron radiation field will be taken into account 
later. 

The electric field of scattered radiation then equals 

where E[,@) is the Fourier transform of E i ( t ) .  The formula (1) takes into account in an 
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explicit form the phase relation between the incident and the scattered waves. It provides 
the general procedure of calculating the time dependence of the coherently scattered field 
via the Fourier transformation of the incident field. 

The incident and scattered fields can be related directly with the help of the response 
function GS“(t, t ‘ )  which is defined as 

The most general property of the scattering amplitude RSS’(t, w )  is its analyticity in the 
upper half of the plane of complex w values. As a result, the function GJS‘(t ,  t‘) is the 
delaying function which equals zero at t‘ > t .  

The expression for the time dependence of the scattered radiation field can be rewritten 
now as a matrix product (or a generalized convolution) of the incident radiation with the 
response function: 

m 

E S ( t )  = dt’G”(t, t‘)E:i(t’). (3) L 
From this relation it is clear that t‘ represents the time instant of excitation while t is the 
time instant of de-excitation. 

Let us now specify the incident radiation field. In our case it is a synchrotron radiation 
pulse. The synchrotron radiation pulses have a duration T ,  typically - lo-’’ s, which 
is defined mainly by the linear size of the electron (positron) bunches in the storag- ring. 
The synchrotron radiation pulse itself is a sum of many elementary radiation pulses, each 
arising from an individual electron (positron) in the bunch. We associate the previously 
defined incident radiation field Ef,(t) with one of these elementary radiation pulses. The 
individual duration of each elementary pulse, typically - lo-’’ s, is shorter than T and 
much shorter than the characteristic times of the nuclear scattering system, which are usually 
> s. Therefore E,&’) can be represented with a good accuracy by the delta function: 
Ef,(t’) cx S(t’ - to). Elementary pulses arising from the different electrons are incoherent. 
Thus the intensity of the scattered radiation I @ ‘ ,  t )  cx IEs(t)12 should be averaged over the 
t o A e  arrival time of each elementary pulse. As a result we obtain the general formula 
for the time dependence of inelastic coherent scattering of the synchrotron radiation pulse 
of duration T in the s‘ polarization state from a nuclear ensemble 

with No being the number of photons in the unit frequency band per synchrotron radiation 
pulse. The intensity given by (4) is summed over the final polarization states s of the 
scattered radiation. In many practically important cases t >> T and we have simply 

I@’, t )  = NOC IGSS’ ( t ,  0)12. ( 5 )  

Thus the problem of calculating the time evolution of scattering from the nuclear 
ensemble i s  reduced to seeking the scattering amplitude RSS’(t, U )  or the response function 
Gss’(t, t‘) of the scatterer. 

3. Wave equation 

Let us consider a vibrating crystal in the form of a plate of thickness L in the z-direction. 
Let the waveIength of the vibrations be so long that all the scattering parts of the crystal 
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are vibrating in unison, i.e. the displacement u(t) does not depend on the space coordinate. 
To calculate the coherent electric field E(r,  t )  of the radiation scattered by nuclei in the 
vibrating crystal we shall use Maxwell's wave equation 

V C Kohn and Y V Shvyd'ko 

1 dZ 4rr d . 
V Z E  - graddivE - - - E  = ---3 

cZdt2 c2 dt 
where j ( r ,  t )  is the induced current density which is a quantum mechanical average of the 
current density operator. To find the scattering amplitude we consider a monochromatic 
incident plane wave with frequency w and wave vector ko: 

E(r .  t )  = Eoexp(ik0. T - iwt). (7) 
Taking into account the periodicity of the crystal lattice we represent the field inside the 
crystal as the Bloch wave 

E(T,  t )  = E,,,(Z, t )  exp(ikm T - iwt) (8) 
m 

which is a sum of plane wave components with wave vectors k,,, = L + h,. This sum 
involves all the reciprocal lattice vectors h, of the crystal. If the nuclei of the crystal are 
vibrating then the amplitudes E,,,(z, I )  depend on time. The amplitudes depend as well on 
the coordinate z due to refraction. Because of the same factors and within the framework 
of the linear response theory the induced current density is also the Bloch wave 

j ( r .  t )  = C j , , , ( z ,  t)exp(ik, T - iwt). (9) 
m 

Since the refraction effect is small due to nuclear resonant and electronic scattering, the 
z-dependence of the quantities E,,,(z. t )  and j m ( z ,  t )  varies slowly as compared to the 
fast oscillations of the exponential functions (thii is the so-called slowly varying envelope 
approximation). We shall also consider the cases where the frequency of vibrations 51 is 
much less than the frequency of the radiation W .  These approximations allow us to reduce 
the second-order Maxwell equation to a first-order differential equation for the quantities 
E,(z, t )  and j m ( z ,  t )  (see also [9,17,191) 

where 

(Y, = (k: - K 2 ) / K 2  ym = k m , / K  K = w/c = 2~12,. (11) 
In the linear approximation one can derive the following general expression for the 

components of the induced current density: 

where the first term describes the nuclear current by means of the causal integral operator 
while the second term corresponds to instantaneous elecfzonic scattering. The integral 
operator has the following form provided the nuclei are vibrating in unison: 

where 

e(@, f) = exp[i(w + ir/2)t} f,,,(t) = exp(-ik, .U@)} (14) 
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x exp{i(km, - km) . pt - frzt(km,) + zi(km)l}. (15) 
The derivation of this expression and notations are given in the appendix. 

The second term in (12) corresponds to the potential electronic scattering. The latter 
cannot influence the time spectrum of the scattered radiation directly but in combination 
with nuclear scattering it can be of importance. In (12) x:,, is the Fourier transform 
of the complex electronic polarizability of the crystal at rest; F,,,,,,,(t) = f , ( t ) f ; . ( t )  is a 
displacement phase factor. 

The number of equations in (10) is equal to the number of amplitudes E, which should 
be considered. The latter is determined by the number of parameters CY,,, having values close 
to zero. In other words it is equal to the number of reciprocal lattice points which lie near 
the Ewald sphere (Ik,,,] N K) and obey the Bragg law. 

We shall consider the general case of multiple diffraction in a perfect crystal. The 
boundary conditions for the set of equations (10)-(12) then have the following form: 

W O ,  t )  = €0 

E,(O, t )  = 0 if ym 0 (Laue reflected beams) (16) 
E,(L, t )  = 0 if ym < 0 

Now the problem is formulated completely. 

(forward beam) 

(Bragg reflected beam). 

4. Scattering amplitude and response function 

The problem, formulated in the previous section, can be solved by performing the following 
two operations. First we eliminate the time-dependent factors f m ( f )  from the equations 
(10H13) by the substitution 

E,(z, t )  = f m ( t ) B m ( z .  t )  (17) 
where B,(z, t )  are new unknown functions. The boundary conditions for El,(.?, c) are time 
dependent: 

Bo(0, t )  = &oexp{iko. U@)] 
B,(O, t )  = 0 if y,,, > 0 
B,(L, t )  = 0 if y, < 0. 

Henceforth we shall confine ourselves to the case of harmonic vibrations with amplitude d,  
frequency C2 and initial phase (o 

U@) = d sin(S2t + (o). (19) 
In this particular case the boundary condition for &(O, t )  takes the following form after 
substitution of equation (19) in (18): 

m 

&(O, t )  = Eoexp{ibosin(Qt + p)t = EO J,(bo)exp(in(Qr + (o)] (20) 

where J,(bO) is the Bessel function of integer index n; b, = k,,, . d is a dimensionless 
amplitude of vibrations in the direction of the wave vector k,,, which is called the modulation 

n=-m 
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index. In equation (20) a well known expansion of the exp(ib0 sin(!& + p)] function was 
used [ZO] . 

The evidence of the second operation follows from the next observation. The integral 
over time in (13) could be calculated explicitly if Bn,(z, t )  were the monochromatic wave. 
However the boundary conditions (18,ZO) do not allow this kind of solution. Instead we 
can find the solution for Bm(z, t )  as a sum of monochromatic waves 
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m 

Since the equations are linear with respect to the functions B, their form is conserved for 
each spectral component B?) as well. But now the time integal over time in (13) can 
be calculated explicitly because the functions B:) do not depend on time. As a result we 
obtain the following set of equation for the amplitudes of monochromatic components B?): 

where 

The equations (22) with the boundary conditions (24) represent the standard problem of 
pray  diffraction in a crystal at rest. Such a problem was solved earlier in many particular 
cases. For example in the case of forward scattering (onebeam diffraction) the solution 
involving no polarization state mixing is obtained from (19) directly 

(25) B$"'(z) =exp i-gg(o-an) B, s&) ( 0) . [ :; 1 
In the Bragg and Laue cases of two-beam pray diffraction the solutions were given in 
[21-241. The case of multiple diffraction was considered recently in [25]. Therefore we 
shall assume that the functions B,"'(z) are known. The nth component of the scattering 
amplitude is then equal to 

where z.., = L for the forward-scattered and for the Laue-reflected beams (ym > 0), and 
zour = 0 for the Bragg-reflected beams (y, c 0). As a result the total scattering amplitude 
R;&, o) of the vibrating crystal can be expressed through the scattering amplitude of the 
crystal at restt 

RE&, o) = f m ( r )  cRi$(o - Qn)J.(bo) exp{in(Qt + (p)]. (27) 
n 

t We denote haafter the quantities for the crystal at rest by callignphic symbols 
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The substitution of this expression in (2) results in the general formula for the response 

(28) 

function of the vibrating crystal 

G$(t, t') = fm(f)G$(t - t')f:(t') 
where 

Equation (28) shows that acoustic vibrations lead only to the phase modulation of the 
response function for the crystal at rest through the factor 

(30) 

which arises from the difference in positions of the nucleus at the moments of excitation 
and de-excitation. However, this phase factor disappears in the time spectrum+4), (28). 
It is for this reason the time spectra for the vibrating crystal measured in [l 11 turned out to 
be the same as for the crystal at rest. 

The result obtained can be explained in another way too. Let us transfer from the 
laboratory reference system, where the crystal is vibrating, to the one attached to the crystal. 
This transformation leads to the situation where the crystal is at rest and all other objects 
(the source of radiation and the detector) are vibrating. In the new reference system we 
obtain (28) directly. The crystal at rest is described by the response function C&(t - t') 
while the function (30) takes into account the phase shifts due to the displacement of the 
source and the detector. It is also worth noting that this result is valid not only for the 
harmonic vibrations given by equation (19). It can be generalized to any form of unison 
motion u(t). 

fm(t)fl(t') = exp(-ik, . u(t) + irC, . u(r')] 

5. Scattering by two crystals 

5.1. General consideration 

As was shown in Ill]  to reveal the vibrations in the time spectrum an additional nuclear 
resonance scatterer should be introduced. For this reason we shall generalize the problem 
and consider cases of successive scattering of the synchrotron radiation pulse from two 
crystals where both of the crystals (or one of  them) are vibrating. 

The radiation scattered by the first crystal is the incident radiation for the second crystal. 
Taking this into account and using (3) we obtain immediately that the response function 
for the system of two vibrating crystals is a convolution of the response functions of these 
crystals 

&(t, t') = &(t, t") @ &(f", t') (31) 
where the hat symbol denotes a matrix and the symbol @ stands for 

(32) 

Index m" denotes here the direction of the beam between the two crystals. 
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From these formulae one can observe that the time spectrum I z l ( t )  c( IGzl(t, 0)l2 will 
be affected by the relative motion of the scatterer through the factor 

(33) BA I! - (8) I f  ( A )  11 - F,. (t ) - f,. * ( r  )fmm (t ) - exp[ik,. . [ua(r") - u"(t")]} 
in equation (32). It is also worth noting that the procedure presented by the (31x32) allows 
us to consider successive scattering from any number of scatterers. 

In the derivation presented above we have assumed that the distances from the source 
to the first crystal L,, between the crystals L, and from the second crystal to the detector 
L d  are small enough that the condition AwL,/c << 1 is fulfilled. Here x = s, d ,  c and 
Am is the characteristic frequency interval of resonant scattering which is typically about 
1OO~r,/fz. If this condition is not fulfilled, for example the distance between the crystals 
L, is large, then equation (31) should be revised by taking into account retardation effects. 
This will be accounted for by a response function of the empty space. 

It is clear that the scattering amplitude of the empty space with the length L, is 
Rx(w) = exp(iKL,) = exp(iwt,) where tx = L,/c with x = s, d ,  c. The quantities ts,  td 
and tc represent the time of flight of the light through the empty space. The substitution of 
this function in (2) results in the response function G,(t, t') = 8 ( t  - tx - f ' ) .  

The resultant response function of the successive scattering from two crystals which 
takes the propagation in the empty spaces into account should be a convolution of five 
response functions instead of two in equation (31). no of them are response functions of 
the crystals themselves while the other three are the response functions of the empty spaces 
around the crystals, which are simply delta functions. Performing explicitly the convolution 
with the delta functions we finally obtain the following formula instead of (31): 

kzl( t .  t') = &(t - t d ,  t"+ tc) @I kl(t", t'+ &). (34) 
This formula describes the successive scattering from two crystals with allowance for the 
retardation effect due to the finite light velocity. The manifestation of this effect in the 
energy Massbauer spectra was discussed in [7,26]. This effect may play an important role 
provided t, is comparable with the nuclear lifetime % = h / r o .  In the case of the 14.4 keV 
nuclear resonance in 57Fe this corresponds to the distance L, between the scatterers of a 
few tens of metres. These are special conditions. For the sake of simplicity we shall neglect 
this effect in the consideration of the following particular cases of double-crystal scattering. 

' 

5.2. Specific case considered in 1111 

Let us consider the case of scattering by two crystals (figure l(a)) where the first one is the 
vibrating Bragg reflector ('??I) and the second one is the resonance absorber ( 2 2 )  moving 
with constant velocity U. This case was studied experimentally in [ 111. 

The motion with constant velocity is a particular case of vibrations, namely with zero 
frequency. Under these conditions the phase factor (14) is reduced to fm(t) = exp(-iw,r) 
with U,,, = km . U which is the Doppler frequency shift in the direction of the wave vector 
km I 

According to the general equation (31) and by (14), (19), (23), (28), (29) we obtain 

&(t,  t ') = f$( t ' )  CJ,(~,,) exp{-in(Qt + v)@)(t- t') 

21 ( ) = /" g&(o  + Qn - wm,)*r(w) exp(-iwt). 

(35) 
n 

where 

(36) 
6") dw - 

Here index m' denotes the direction of the beam between the two crystals, 
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21 22 21 e2 

a b 
Figure 1. Doublecrystd~scaltering arrangements. (a) ?he vibrating Bragg reflector (e,) and 
the resonance absorber (Rz) moving with consmt velocity. @) The same as before, but with 
the opposite sequence of the scatterers. 

If the absorber is the first and the reflector is the second (figure I@)) then a similar 
calculation leads to the different result 

&(t, t') = fm(t) J,,(bmr) expb(Qt '  + rp)l@(t - t') (37) 
n 

where 

In the following we shall assume that the synchrotron radiation pulses are not locked in 
phase with crystal vibrations. Therefore in calculating the intensity we have to average 
equation (5) additionally over the phase rp. As a result we obtain for the time spectrum 

I ( t )  = N o ~ W n l @ ( t ) l z  (39) 
n 

where W. = J;(bmr). 
In practice it is difficult to excite vibrations with the amplitudes homogeneous over the 

whole volume of the crystal. However, if the amplitudes are homogeneous in sufficiently 
large volumes with linear dimensions about 10 fim (see e.g. the discussion in [lo, 111) 
then (39) is still applicable but with the weights W. averaged over a distribution of the 
amplitudes or correspondingly over the modulation index. The Rayleigh function is known 
to be the distribution that gives a good agreement with experimental results 

Here bR is the most probable value of the modulation index. As a result of the averaging 
procedure we have to replace W,, = J:(b) by 

P (b) = (b/Zb;) exp(-b2/b;). 

W, = 1 dbJ:(b)P(b) = exp(-b;/Z)In(b;/2). 

(40) 

m 

(41) 

Here & ( x )  is the modified Bessel function of integer index. 
The scattering scheme considered in the present section can be used for measurements 

of the quasispectral characteristics of the radiation scattered from the vibrated crystal (as 
was performed e.g. in [ 111). In this case the crystal moving with constant velocity is used 
as a resonance analyser. Experimentally the velocity dependence of the intensity integrated 
over the time region between successive synchrotron radiation pulses with exclusion of a 
short time window 0 < t < t, just after the synchrotron radiation pulse is measured. This 
dependence is described by the following expression 
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5.3. Forward scattering 

In this section we shall consider a special arrangement of forward scattering by two identical 
crystals containing the resonant nuclei. The first crystal is vibrating while the second one is 
at rest (om, = 0). Each crystal is characterized by the same scattering amplitude R(o) and 
response function G(t).  We assume again no phase locking with the synchrotron radiation 
pulses. In this case we may use (33,  (36) and (39) for calculating the time spectrum. 

We shall assume also that the frequency of vibrations Q is so large that the distributions 
R ( w )  and R(o + f i n )  practically do not overlap. In this case (36) can be calculated in an 
analytical form for all values of n except n = 0 
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@ ( t )  = ~ ( t ) [ l  + e x p ( i ~ n ) ~  n # 0. (43) 
Substitution of this function in (39) leads to the following expression for the time 

spectrum of the double-crystal system: 

If bR is small enough then according to (41) the coefficients W. decrease rapidly and we 
come to an interesting result. Although the crystal vibrations are not synchronized with the 
synchrotron radiation pulses the time spectrum has periodic modulation at the frequency of 
the crystal vibration. This effect can be directly used for studying excitations in the crystals 
caused by periodic perturbations. 
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Appendix 

To calculate the nuclear current density induced by an electromagnetic wave under multiple 
diffraction in a vibrating crystal we shall follow the method previously used in 191 for the 
similar calculations under the conditions of forward scattering. 

It is convenient to start from the Fourier expansion of the nuclear current density in 
terms of momentum 

Here the summation is performed over all nuclei of the crystal; @.(t) is the timedependent 
wave function of the nucleus in the crystal site a with position vector r.; ;=(k) is the 
nuclear current density operator in k-space. 

The current density for the individual nucleus in the first non-vanishing order of 
perturbation theory is equal to 
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Here 1s) and le) are the ground and excited state vectors of a nucleus respectively; Io is 
the nuclear spin in the ground state; oge is the frequency of the corresponding resonance 
transition; is the time-dependent Hamiltonian of interaction of the ath nucleus with 
the y-radiation. It is defined in a standard way 

pa(t)  = -cF1 / d r & ( r  - re) . A(?-, t )  (A31 

where A(r,  t )  is a vector potential. We shall consider the cases where the frequency 
of the vibration C2 is much less than the frequency of the radiation w .  Taking this into 
account and using the Coulomb gauge with a zero scalar potential we have the relation 
A(T,  t )  = -ico-'E(r, t ) .  Representing E ( r ,  t )  as a Bloch wave, equation (S), and using 
the slowly varying envelope approximation we obtain after simple transformations 

Ca(t) = io-' Cja(-k,)~,(~, t)exp{i(km . T. - m t ) ~ .  (A4) 
m 

The position vector of the ath nucleus T, can be presented as a sum of the equilibrium 
position vector I& and the displacement vector from this position U,@) due to vibrations 
(both thermal and externally induced), i.e. ro = I& + ua(t). The current density, given 
by equation (Al), should be averaged over the initial state of the crystal, assuming its 
thermal equilibrium. This will result in the appearance of the LamL-Mossbauer factors 
exp[-Za(km)] in the final expression for the current density. In the present paper we shall 
neglect coherent inelastic scattering from phonons, therefore we shall assume henceforth 
that uy(t) describes the vibrations induced only by an external force. The possibility of 
inhomogeneous broadening of the nuclear resonance will be accounted for by replacing r o  
with r (r > ro). Substitution of (A4) in (A2) and then of (A2) in (Al) results in 

I 

xexp{-ik .u.(r)]/ d r e ( o - w g ~ , t - r ) e x p [ i k , , u , ( r ) } E ~ , ( z , r ) .  (A5) 

(glji(k)le) = (gl.2(k)le) exp{-ik. R, - 4za(k)1 (-46) 
as a transition current between the states (gl and (el at the ath site. 

When all nuclei are vibrated in unison the vectors uo do not depend on a .  Let us 
represent the equilibrium position of nucleus as the sum R, = ri + p,, where ri is a 
position of the unit cell and p, is a position of nucleus inside the unit cell. Taking into 
account the relation k, rj = 2nn and 

-m 

Here we use the notation (14) and 

with VO as the unit cell volume we obtain'finally after simple transformations (13)-(15), 
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