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Abstract

The general theory of X-ray spherical-wave diffrac-
tion in two, either identical or different in nature,
spatially separated perfect crystals is developed. The
theory takes into account the phase shift of the waves
both inside the crystals and in vacuum before,
between and after the crystals. The nonmonochroma-
ticity of radiation, the source dimension and the
placing of a slit before the first crystal are considered.
The results of theoretical calculation and an experi-
mental study of the interference fringes and focusing
the radiation are presented. A good agreement
between the experimental and theoretical data is
obtained for values of the experimental parameters
that affect focusing.

1. Introduction

The diffraction pattern on the film behind a perfect
crystal due to X-ray-spherical-wave diffraction is
known (Afanas’ev & Kohn, 1977) to be defined to a
great extent by the wave phase change occurring both
inside the crystal and in vacuum along the source-
crystal-film wave path L. In other words, the form
of the diffraction pattern depends on the parameter
t/L, where ¢ is the crystal thickness. To observe this
dependence experimentally one has to use either
monochromatic radiation (Aristov, Ishikawa, Kikuta
& Polovinkina, 1981) or a special set-up in which
polychromatic focusing is realized (Aristov,
Polovinkina, Shmyt’ko & Shulakov, 1978; Kozmik &
Mikhailyuk, 1978a, b; Aristov & Polovinkina, 1978;
Aristov, Polovinkina, Afanas’ev & Kohn, 1980). In
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the above papers all the new details of the diffraction
pattern introduced by the theory have been obtained
experimentally, namely, focusing of the radiation and
the anomalous form of the Pendellosung fringes.

The effect of an entrance slit placed in front of the
crystal on the diffraction pattern has been investigated
in the papers by Aristov, Kohn & Polovinkina (1980)
and Aristov, Kohn, Polovinkina & Snigirev (1982).
The slit was shown to play the role of an incoherent
source when its width 2a is much less than either the
source dimensions or the ‘spectral’ width d,=
(I'/w)L, tan 05, where I' is the half-width of the
spectral line, w is the radiation frequency, L, is the
source-to-crystal distance and 65 is the Bragg angle.
This case is realized in standard section topography
of the experimental set-up with a narrow slit before
the crystal, which is equivalent to the case of a point
source on the entrance surface of a crystal (Kato,
1961, 1968).

The present paper is related to a further study of
the role of the vacuum in X-ray-spherical-wave
diffraction. The Laue diffraction in two perfect crys-
tals has been considered. It is particularly interesting
owing to strong focusing occurring in two-block crys-
tals with equal block thickness and L=0. This effect
was first seen in the case of a small gap between two
identical crystals (Kato, Usami & Katagawa, 1967;
Authier, Milne & Sauvage, 1968) when direct and
diffracted beams were not spatially separated. In the
first paper the stacking fault was used as a gap. The
next step was made by Indenbom, Slobodetsky &
Truni (1974). The effect was shown to occur also with
a large gap between the blocks in the twice-reflected
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beam (II-shaped interferometer). This phenomenon
has received further experimental study (Suvorov &
Polovinkina, 1974; Indenbom & Suvorov, 1976;
Indenbom, Suvorov & Slobodetsky, 1976).

In §2 a general theory for X-ray-spherical-wave
diffraction in two perfect crystals is developed. The
theory takes into account the path of waves in vacuum
and the positioning of a slit before the first crystal as
well as the nonmonochromaticity of the radiation and
the source dimensions. As in previous papers
(Afanas’ev & Kohn, 1977; Aristov, Polovinkina,
Afanas’ev & Kohn, 1980), the method of Fourier
transformation was applied. General formulae are
analysed in § 3. Experimental results are presented
in § 4.

2. Derivation of general formulae

Let us consider the experimental set-up shown in
Fig. 1. The incident radiation is formed by an incoher-
ent source of finite dimensions and a finite spectral
width. In the first stage of the problem we have to
obtain the solution for a point source and a specific
frequency and then sum the intensity over all frequen-
cies and all coordinates of the atoms at the X-ray
tube focus. It is convenient to introduce a coordinate
system with origin at the slit-plane centre for all
waves. We use a unit vector S, in the Bragg direction
for the frequency w, corresponding to a maximum
of intensity in the spectrum. Then the wave vector is
%o = %eSg, Where %y = wy/ ¢, ¢ is the light velocity. We
present the electric-field amplitude of the X-ray
spherical wave in the slit plane as the Fourier integral

EGV(r) =X As()eo, [ dq(2m) ™ exp (iqr)¢(q), (1)

where q is a vector perpendicular to %, (see Fig. 1),
€ys are the unit vectors of polarization, s = , . The
function ¢(q) depends on the slit width, radiation
frequency and position of the point source on the
X-ray tube focus and will be described below. The
parameters A (w) are the coefficients of expansion
of the electric field vector on the polarization vectors.
They include the frequency dependence of the charac-
teristic radiation within the spectral line.

According to Maxwell’s equation in vacuum, the
amplitude of the field of frequency w at the entrance
surface of the first crystal is

EGV(r) =T A (w)eo,

x [ dq(27) exp [iKo(q)rly(q),  (2)

where
Ko=q+S(x*~¢")""?
=n0+q+(Ax_q2/2%0)SO. (3)

Here x =w/c=x,+ Ax. The terms of order higher
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than (g/,)? in the expansion of the square root in
(3) can be neglected, since q/»,< 1. The same holds
for Ax/x,.

The solution of the problem of scattering of a
partial plane wave with wave vector K, in a perfect
crystal is well known (Pinsker, 1978). Using this sol-
ution twice, we obtain the following expression for
the amplitude of the field in a twice-diffracted beam:

ES0(r) =Y A (w)ey, § dg(27) 2¢(q)

x RM(q)RP(q) exp [ip(q, )],  (4)

where e,, are polarization vectors for the twice-
diffracted wave, R'(q) is the amplitude of reflection
of a plane wave by the perfect crystal [see, for
example, formulae (3.10) and (3.11) in the paper by
Aristov, Polovinkina, Afanas’ev & Kohn (1980)].

The phase term exp (ig) accounts for the phase
shift of the plane wave with wave vector K, between
the slit and the first crystal, K, between the first and
second crystals and K, after the second crystal. The
wave vectors K, and K, are determined by the follow-
ing relations:

K,(q) =Ko(q) +h; — a,(q)n,/2
K>(q) =K(q) +h, — a,(q)n,/2,

where h;,h, are the reciprocal-lattice vectors and
n,, n, are the inner normals to the entrance surfaces
of the first and second crystals. The parameters «,(q)
and a,(q) are found from the condition that the
scattering is elastic (the frequency is constant), i.e.
K2=K?= K2, and are calculated in the Appendix.

(%)

Fig. 1. Experimental set-up.
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Let us consider the function (q). According to (1)
it is the Fourier component of a scalar amplitude of
the electric field in the slit plane, ¢(r). In its turn,
¥(r) is the spherical wave moving from the point
source on the focus of the X-ray tube. Without any
loss of generality, instead of the real focus surface,
we can consider its projection on a plane normal to
%o (see Fig. 1). Let L, be the source-to-slit distance;
(x,, y1) are the coordinates in the slit plane, (x,, y,)
are the coordinates in the plane of the focus projec-
tion. It is obvious that

¥(r) =[exp (ixR)/R]6(a —|x,|), (6)

where 2a is the slit width, 6(x) is the step function
which is equal to one for x>0 and is equal to zero
for x<0, R=|R|,

R = LoSo+ (x; — Xp)€0, + (¥1= Yo)€oo- (7

Here and below the unit vectors of polarization are
chosen as usual, namely, e,, normal to the scattering
plane (plane of Fig. 1), e,, =[e,, XS,], where S, =
%./%9, n=0,1,2 (see Appendix for »,). From (6),
(7) we have approximately

¥(r) =[exp (ipo)/ Lo]0(a —|x,|)
X exp [i(%o/2Lo)(x} —2x,X)]
X exp [i(xo/2L0)(Y1 _yo)z], ®)

where the phase ¢, depends on Ax but does not
depend on the integration variables (x,, y,), and the
corresponding phase factor has, therefore, no
influence on the intensity. Below we shall omit such
factors. The terms of type Axxi/2L, are small and
can be neglected. We represent the Fourier com-
ponent of (8) in the following form:

'/’(‘I)‘—'%(‘Ix)(lfz(‘b), 9

where

Ui(g:)=L7"* [ dx, exp (—ig.x,)

x exp [i(xo/2Lo)(x} —2x,%0)], (10)
Ya(g,) = L7'? _T dy, exp (—ig,y,)
x exp [i(xo/2Lo)(y, _}’0)2]
= (2mi/%0)"? exp (~ig,po— iq2 Lo/ 2%0).  (11)

With (11) and the fact that R'” does not depend
on g,, the integral over g, in (4) can be easily com-
puted. Indeed, as is shown in the Appendix, the phase
shift

?(q,1) = ¢(q:) + gx+q,y— q2L/ 2%,

where x, y are the coordinates in the film plane along
the e, and E,, directions, L is the slit-first-crystal-
second-crystal-film distance (L=L,+ L,+ L,, see
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Fig. 1). Therefore, the integral over g, is

T day@m) @i/ x0) 2

xexp [ig,(y — o)l exp [—i(g}/2x0)(Lo+ L)]
=(L+Lo) "2 exp {il %o/ 2(L+ Lo)(y — yo)*}.
(12)
Thus, the y dependence of the spherical wave is
conserved in the diffraction process, but the decrease
in intensity from this component is due to the total
source-to-film distance.

As aresult, instead of (4), omitting the phase factors
we obtain

Ei5(x) =T A(w)ey(L+ Lo) ™2

X jﬂ dx, ¢, (x)) F(x = x,), (13)
where
F}= L dg.2m) 'R (g RP(gx)
x expligx +i¢(gx)]. (14)

Formulae (13) and (14) represent the solution of the
problem, but are not suitable for practical calculation
or qualitative analysis.

Let us introduce the angle of misorientation
between the crystals ¢, and proceed with (14) to a
new integration variable

q=gq.—tan 0% Ax — q,, (15)
where
qo=(m/A)[ D8, + ],
0,=Ax/x, (16)

D =sin (8%’ - 0%)/cos 0% cos 62

It should be emphasized that the reﬁectlon amplitude
R depends on the parameter y'* only [see formulae
(3 10), (3.11) in the paper by Aristov, Polovinkina,
Afanas’ev & Kohn (1980)]. Using a new variable we
obtain for symmetrical scattering in both crystals
(hin)

A=A+ a0, 7= AP(-g+q0),  (17)

where
A =(A/27) sin 209/ x Dl etd.

Here and above 6p is the Bragg angle, y,, is the
Fourier component of the real part of the polarizabil-
ity, c, is equal to unity for s = o and cos 285 for s =
index i is the crystal number and A is the wavelength
of radiation.
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It follows from (17) that the parameter g is an
angle variable when the radiation has frequency o,
and there is no misorientation between the crystals
(8,=yn=0). If 6, %0, but D=0 (6%’ =69), then
¥, and y, do not depend on 6, and parameter g is
the same for all frequencies. It can be shown that
(see Appendix)

¢(q)=4¢ +x.9—(AL/47)q"
+q(t, sin 8’ — ¢, sin 62)

—ay(q)ty2— ax(q)t,/2. (18)
Here A¢ denotes all the terms that are independent
of q; t, and t, are the crystal thicknesses. The last
four terms are cancelled out by the cor_res?onding
terms in the phases of the amplitudes R (y}”). The
value of x, is

x,=—3Ly,+ALS,, (19)

where
AL=tan 6(L,— L,~ L)) —iD(L,+ L,—3L;).
(20)

The topography fixes the intensity of radiation,
which is equal to the squared modulus of the electric-
field amplitude (13). Since the spectrum of incident
radiation has, as a rule, finite width and the source
has finite dimensions, the intensity integrated over
the source dimensions 2d is of interest as well as that
integrated over the spectral width of radiation. We
must also average the intensity over the polarization
state of the incident waves, i.e. parameters |A,(w)|>.
The corresponding value £(6,,) = 2|A,(w)}? character-
izes the form of the spectral line of the source. As a
result, we obtain

Ton(0) = [2Lo(Lo+ )T T | d0,£(6.)

d a
x | dxo | dx,GP(x~-x))
-d —a

2

xexp [i(m/ALo)(x3—2x,%,)]]| . (21)

Here the explicit form of the function ¢,(q,) follow-
ing from (10) was used and x,= xo+ Lo0,,(tan 65’ +
%D2+%L0¢h, while the function G%)(x) differs from
F(x) only by the phase factors.

Taking into account the expression for R(y), we
obtain

GO(x) =87 (WxP/xPxP)* T 22
'

x | dgexpligx+ipfig—fi (@],  (22)
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where
¢ (a) =54~ (AL/4m)?
+z;By(q)(sin 69’/ A))1,
+2,B,(q)(sin 62/ A3)1,, (23)

7(@) =P ()t +pP(q)t,+In[Bi(9)B,(q)]
(24)
B(q)=[1+yi(g)]"*, i=1,2, (25)
p (@) =1u8/2 cos 6DI1-z{xP|CP/xDB,()].
(26)

Here indexes j,j'=1,2 are the numbers of the
dispersion surface branch, n{" is the normal absorp-
tion coefficient for the ith crystal, z is +1 for j=1
(a weakly absorbing branch) and —1 for j=2, x{,
XD are the imaginary parts of the Fourier transforms
of the polarizability of the ith crystal.

It is obvious that if two crystals are identical (8%’ =
92)), then the function G$’(x) does not depend on
frequency under certain conditions, but if the crystals
are different the dependence is preserved under any
condition.

The case when the distance L, is relatively small
while the source dimensions exceed the slit width
considerably is of particular interest. With reasonable
accuracy one may use here the approximation

{ dxo exp [i(2m/ALo)(xs — x4)%o] = ALo8 (3, = x4).
- 27)

As a result, instead of (21) (¢f. Aristov et al., 1982)
we obtain

fhh(x) =[a/2(L+ Lo)z]

xY | d0.,£(6,) § dx|GO(x—x).  (28)

It follows from (28) that the x dependence of the
intensity is determined as if the slit itself were an
‘incoherent’ source. Except for the trivial factor there
is no dependence on L, here.

3. Interference effects and focusing the spherical wave

According to (28) the space dependence of intensity
in the twice-reflected beam is determined by the
squared modulus of the function G(x). The integra-
tion with respect to the slit width and frequency plays
only a destructive role changing the interference con-
trast for the worse. Let us consider first the simplest
case when the slit may be regarded as rather narrow,
and the first and second crystals are identical without
any misorientation between them (¢, =0, A, =A,=
A, B;=B,=B etc). Since the dependence on
frequency occurs in (25) only through the coordinate
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X, [see (19)] it is easy to understand that the integra-
tion with respect to the frequency leads to blurring
of the interference pattern in the same manner as the
integration over the slit width. However, the degree
of blurring depends on the parameters of the experi-
mental set-up. When L,=L,+L; polychromatic
focusing exists, and the nonmonochromaticity of the
radiation does not influence the interference pattern.
We shall consider this condition as fulfilled.

For usual values of L, t, and t,, phase (23) is rather
large and integral (22) can be evaluated by the method
of stationary phase (Jeffreys & Swirles, 1966). As a
result

Lin(x) = |G(X)|2
=xn/ x#l? Z Zjzj
i’

 SXP Ligx + ip;(q) —f;(q)1|?

29
(d2¢ﬁ'/dq2)l/2 ’ ( )

where q is found from the condition
x=(AL/2m)q —sin 0gA[q/B(q)]t. (30)

Here and below ¢ = z;t, + z;t,. A second derivative of
the phase has the following form:

d’¢;;/dq’ = —dx/dq=—AL/2m +sin 65At/ B*(q).
(31)

From the condition that the above derivative equals
zero we find the locus of the focuses

x==t[1-(t,/t)**1?sin 65. (32)

These formulae coincide precisely with the formulae
obtained by Aristov, Polovinkina, Afanas’ev & Kohn
(1980), and the parameter t, has the same sense. It
represents the focusing thickness for one crystal and
is given by

t,=AL/2 sin A, (33)

while the parameter ¢ has a new meaning and only
t>0 should be considered in (32).

The value of the angle variable g, which determines
the focusing region of angles, is also an important
characteristic:

g==xA""[(t/1,)**-1]"2. (34)

It follows from (34) that the strongest focusing occurs
at t=t, corresponding to the point g =0. Let us, as
in the works by Aristov, Kohn & Polovinkina (1980)
and by Kohn (19794, b), call the fields corresponding
to a weakly absorbing and a strongly absorbing mode
the B field (j = 1) and the A field (j = 2), respectively.

The following combinations for the crystal thick-
nesses are possible:

1. t,+t,=t, the focusing of the BB field
2. t,=t,+1t, the focusing of the BA field
3. t,=t,—t, the focusing of the AB field.

DYNAMICAL DIFFRACTION OF X-RAY SPHERICAL WAVES

It should be noted that in the short report by
Levonyan (1981) only the first and the third cases
were shown while considering an analogous problem.
The first is trivial in the sense that two crystals act as
a single one of total thickness. The second and third
possibilities are new. It is easily seen that these two
possibilities are also realized for L =0 (¢, = 0). In this
case two of the four fields (BA and AB) are brought
into focus for the same relationship between the crys-
tal thicknesses: t, =1,, and the decrease of the total
intensity occurs with the normal absorption factor. A
fascinating property of focusing at L=0 is that not
only the second derivative of the phase becomes zero,
but also the whole phase equals zero. For weakly
absorbing crystals the intensity at the focus is very
high in this case. Such focusing was first predicted
by Indenbom, Slobodetsky & Truni (1974) using the
influence function.

With increasing distance L the relationship
between the crystal thicknesses for BA and AB fields
becomes different. If the first crystal has a variable
thickness (when cut as a wedge) and t,> t,, there are
two focuses, t,=1,+1, on the plane (x, t,). Fig.2
shows the intensity I, (x, t,) calculated using (29) for
two silicon crystals, Au La radiation (A =1-276 A),
reflection 220, t,=124 um, L=1cm (t,=0, Fig.2a)
and L=140cm (t,=42-1 wm, Fig. 2b). It should be
noted that Fig. 2 presents only the central part of the

20 pm

240 P

ty um

Fig. 2. Theoretical topographs of Si-Si crystals in twice-reflected
beam. Reflections 220/220; Au La radiation (A =1-276 A). The
first crystal is cut as a wedge, thickness of the second crystal
t, =124 pm, source-to-film distance L =1 cm (a) and L =140 cm
(b). (@) 1,=0; 17/ =1’ =t,=124 pm. (b) t,=41-2 pm; 1A=
1661 wm; t',‘,a =829 pm.



V. V. ARISTOV etal

topographs. The real width of the topographs depends
on t, and is wider than in Fig. 2. These figures indicate
that the effect of focusing is accompanied by a rather
complicated structure of interference fringes, the
interference pattern getting much more diversified
with increasing source-to-film distance L due to the
foci splitting.

To gain a better insight into the structure of the
pictures shown in Fig.2 let us consider conditions
for focusing of the non-central part of the angles
(g #0). According to (34) this condition is £>1,. On
conversion to the thickness of the first crystal it means:

1. tl > ts - t2 BB ﬁeld
2. t,;>t,+t, BA field
3. 1<t,—t, AB field.

Thus, in the first and second instances caustics Xcau(t1)
are directed toward the acute part of the wedge
(toward the smaller thicknesses), while in the third
instance they are in the opposite direction.

By analysing phase diagrams as for one crystal
(Aristov, Polovinkina, Afanas’ev & Kohn, 1980) it is
possible to show that the points of the stationary
phase in the central portion of the angles (g = 0) exist
only for the values of x that satisfy the condition
|| < |xcau|- Therefore, the intensity of any of the four
fields in the region of thickness t;, where caustics
exist, is concentrated only between them. This condi-
tion permits the classification of the form of the
fringes observed. Bright interference fringes in the
upper part of Fig.2(a) (the region of small thick-
nesses) correspond to the intereference of BB and
AB fields and those in the lower part to the interfer-
ence of BA and AA fields. The interference fringes
of low contrast in the region |x| > |x.,,| are due to the
interaction between BB and AA fields because AB
and BA fields make practically no contribution to
this region. These fringes have a form that corre-
sponds to a ‘virtual’ focus of the BB field in the region
of negative thicknesses of the first crystal.

The fringes in Fig.2(b) may be classified in the
same way. In this case the virtual focus is situated
closer to the point ¢, =0, and the caustics of the BB
field are easily seen in the upper part of the topo-
graphs. On the contrary, the caustics corresponding
to the focusing of the BA field show themselves
weakly. The splitting of the foci corresponding to BA
and AB fields is also visible.

Let us consider now a more complicated situation
when two crystals are different but have similar struc-
tures, using the reflection from the same set of planes.
From the experimental point of view it is convenient
to use germanium as the first crystal and silicon as
the second one. Since the difference between the
lattice constants of these crystals is small, the value
of sin 6%’ is close to sin 6?. Therefore, the parameter
D is not equal to zero but is small, and the dependence
on frequency appearing in Green’s function (22)
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proved to be weak within the spectral line width, and
the nonmonochromaticity does not influence the con-
trast very much. It should be emphasized that for this
reason it is impossible to realize experimentally the
focusing of X-rays on two crystals when using reflec-
tions from different sets of planes without pre-mono-
chromatization of the radiation.

In the case under consideration, (29) remains
unchanged, but instead of (30) and (31) we obtain,
respectively

x+x,=(AL/27)q - zt,[A,(qg+ g0)/ Bi(q)] sin 6%

— z31,[ A>(q — 40)/ Bx(q)] sin 6% (35)
d®¢;/dq*=—dx/dq
=—AL/27+ zjt,[Al/B?(q)] sin 6%
+2;t[ Ao/ B3(q)] sin 6% . (36)

The caustics X.,(#;) can be determined from the
condition that (36) equals zero. To do this, it is
necessary to find from (36) the appropriate value of
q, v;rhich depends on L, t,, t,, and substitute it into
(35).

However, this problem has no analytical solution
for any value of g. Therefore, from now on we shall
restrict ourselves to monochromatic radiation (6, = 0)
and small values of g. As before, we assume that
¥, =0. In the region |g|<A™' we obtain

7 =2 (zTh+ 2z T,—1)
3 A%+ Zj'T2(A§"' A%) ?

where the parameter ¢ is determined by (33) and
refers to the ith crystal. In the vicinity of the diffrac-
tion-pattern centre we obtain

Xeau(ty) = £(3)¥?1{V sin 6%
x{1+ Zj'Tz[(Az/Al)z - 1]}_1/2
X(z;T+ 2z T~ 1)*2,

L
13==;§3,

(37

(38)

With identical crystals (37) and (38) correspond to
the first terms in the expansion of (32) and (34) into
a power series of a small parameter (¢/¢,—1).

According to the expressions obtained, the focusing
of the central region occurs under the condition #, =
7" — zz;1,K 5, where Ky, = t1/1? does not depend
on L. From the expression for t, and with (38) we
obtain for individual fields:

1. ,=t"—1,K,, the focusing of the BB field
2. h= LK+t the focusing of the BA field
3. y=t,K;,—t'V the focusing of the AB field.

The presence of K;, in the inequalities results in
essential differences compared to the above case of
two identical crystals. Even at L=0 the focusing
occurs with different crystal thicknesses. For the
Ge/Si combination (reflection 111, Au La spectral
line), K,,=2-50 for o polarization. This results in a



432

considerable enhancement of the focusing thickness
ti* for the BA field and many anomalous Pendel-
losung fringes are observed in the region f, <t/
(Aristov, Polovinkina, Afanas’ev & Kohn, 1980). The
second crystal plays the same role as the source-to-
film distance. Fig. 3(a) shows the interference pattern
calculated from (29), (35) and (36) for o polariza-
tion and f,=50 um, L=40cm. Here t{/*=191 um,
while 1"=65-8um and the extinction length
LY =7Asin 63’ =102 um (Aristov, Polovinkina,
Afanas’ev & Kohn, 1980). The anomalous Pendel-
losung fringes, which are due to the interference of
BA and AA fields, can be seen in the figure (in the
region of small values of t,). The caustics of the BB
field are also easily seen. Fig. 3(b) is the same but for
unpolarized radiation. As illustrated, the superposi-
tion of different polarizations leads to a deterioration
of the contrast. The main cause of this is the difference
in the extinction lengths and in the focusing thick-
nesses for the two polarizations.

4. Experimental results

Experimental studies were carried out according to
the scheme of Fig. 1. A microfocus X-ray generator
Microflex (Rigaku Denki) with a focus size not greater
than 10X 10 wm served as a radiation source. The slit

10 um
—
0
100
200
300
t, pm

Fig. 3. Theoretical topographs of two crystals in twice-reflected
220/220 beam. Au La radiation (A =1-276 A). The first crystal
(Ge) is cut as a wedge. The second is Si with thickness 7, = 50 pm.
The source-to-film distance L=40cm; 1" =65-8 pm; i/ =
191 pm; 1{? = 59-2 um. (a) o polarization; (b) unpolarized radi-
ation.
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placed before the first crystal had a width of more
than 100 wm and served simply for the separation of
the Au La, spectral line with A =1-276 A. Thus,
approximation (27) is inapplicable to these experi-
mental conditions and instead of (28) it is necessary
to use formula (21) in which the limits +a can be
replaced by +oco. Taking into account the explicit
expression for Green'’s function (22), one can easily
show that (28) is valid again, if a is replaced by d
(Fig.1), L, by Ly+ L, and L,=0.

The parameters of the experimental set-up were as
follows: Lo+ L, =19, L, =20, L;=1 cm. The film was
placed just behind the second crystal to permit the
reflected-transmitted beam to be recorded simul-
taneously with the twice-reflected one. The shape and
position of the crystals relative to the X-ray beam are
shown in Fig. 4. The employment of wedge-shaped
crystals made it possible, on the one hand, to observe
the diffraction images corresponding to various thick-
nesses of the first crystal in a topograph and, on the
other, to vary the thickness of the second crystal by
moving it. Since the wedge angle of the second crystal
was small (~2°), the latter might be regarded as plane
parallel within the beam range. For obtaining the
topographs we use nuclear emulsion plates. The
exposure time varied from some tens of minutes up
to several hours. Steps have been taken to ensure the
stability of the experimental set-up including the
mechanical stability during exposure.

The following combinations of crystals and reflec-
tions were studied: Si/Si 111, Si/Si 220, Ge/Ge 111,
Ge/Si111. We have also obtained images of two
silicon crystals using 220 and 111 reflections for the
first and second crystals, respectively. In this case, in
full accordance with theoretical results, we observed
integral patterns that were highly blurred owing to
the nonmonochromaticity of the radiation. In other
cases the patterns observed turned out to be very
sensitive to crystal misorientation.

Fig. 4. Position of crystals and reflection planes in the experiment.
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The deviation of the second crystal from the exact
Bragg position by several seconds results in the recon-
struction of the whole pattern, ie. the topograph
shows two images in the direct beam as well as in the
reflected one. One of these images formed, for
example, by the first crystal is transmitted by the
second one with small distortions. The topograph
shown in Fig. 5 for the Ge/Ge combination of crystals
in the 111 reflection at 1,=100 um is a typical
example.

The best pattern to observe focusing was obtained
for the combination Ge/Si 111 at t,=50 wm. As has
been noted above, the focusing of AB and BA fields
occurs in this case at the thicknesses of the first crystal
177 =59 and 17 =191 um. Fig. 6 shows a series of
fragments of a diffraction pattern in the twice-
reflected beam. The decrease in the pattern width is
easily seen in the region of thicknesses close to f,;.
In the region between focuses the diffraction line is
split into two. This phenomenon is also in good
agreement with the theory (see Fig. 3). Unfortunately,
the fine structure of the pattern (the anomalous Pen-
dellosung fringes, in particular) is not seen in the
photograph. This can be explained by the finite
dimensions of the X-ray tube focus and possibly by
some residual misorientation of the crystals.

100 pm

—

25 ¢

t, (km)

T R

Fig. 5. Experimental topographs for the case of misoriented Ge
crystals, R is the twice-reflected beam, T is the beam reflected
by the first crystal and then transmitted by the second one.

433

5. Concluding remarks

The theoretical and experimental results obtained
indicate a significant effect of the phase shift in
vacuum on the formation of interference patterns
under conditions of X-ray spherical-wave diffraction
in two crystals. The diffraction pattern has in this case
rather a complicated structure with a wide set of
caustics and interference fringes which are due to the
interference of various fields in crystals. The lattice
distortions will evidently exert different effects on
individual fragments of the topograph, and the nature
of the defects can be defined by this influence. Thus,
the effect of diffraction in two crystals can be used
as a new method of control over crystal structure
perfection.

It might be well to point out the important advan-
tage of the scheme considered over the II-shaped
interferometer (Bonse, 1975; Bauspiess, Bonse &
Graeff, 1976; Indenbom et al., 1974; Suvorov &

50 pm

10 t
2 ¢

)
1

120 +

ty (um)

—

Fig. 6. Set of fragments of experimental topograph corresponding
to the case of Fig.3.
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Polovinkina, 1974; Indenbom & Suvorov, 1976;
Indenbom et al, 1976). If two arms in this inter-
ferometer are in fact parts of the same crystal, the
two crystals in our scheme are spatially separated
and, moreover, may differ in atomic composition. In
doing so, it is appropriate to use the first crystal as a
standard and the second one as a specimen under
study. To observe the focusing, of great importance
also is the scheme stability which is better than that
of a II-shaped interferometer, where even a small
variation in the thickness of the arms reduces the
effect sharply.

The necessity to adjust the second crystal precisely
with respect to the first one seems to be the weakest
point of the new scheme. But this difficulty is not a
matter of principle and can be solved in the course
of further improvements in the set-up. Overall, we
conclude that the phenomena discussed are worthy
of notice from the standpoints of science and practical
considerations.

APPENDIX

For finding the parameters «,(q) and a,(q) in (5) and
the phase shift ¢(q,r) in (4) we use three sets of
vectors: %,, Q, and f,,, n=0, 1, 2. The vectors 1x,, %,
and x, satisfy exactly the Bragg condition for the
incident, diffracted and twice-diffracted plane wave
with frequency wo, x5 = %3 = 3. The vectors Q, and
f, are the linear and square terms in the expansion
for a small difference between K, and x, through
terms of order q/x,. For the correspondin§ terms in
the expansion for a,(q) the notations a'’(q) and
a?(q) are used. We obtain the following recurrent
relations:

Qo=q+A4xS,, f,= —(q2/29€0)S0,
Q.= Qo—a(.l)ny/2,
ai’=2(h,Qo)/ (%), f=f,— ai’m/2,
P =[Q}- Q2+2(h,f,)]/(xm,),

=%, +hS, h,=h+Ah,,
Q,=0Q,+ Ah,— a{'n,/2, f,=f,—at¥n,/2,
al¥ = 2[(h$Q,) + (%24h,)]/ (%,1,),
as? =[Q3— Qi +2(h{”f,)1/ (3,my).

We have introduced here vector h{”, which corre-
sponds to the exact Bragg position of the second
crystal with respect to the first one. The second crystal
can be removed from this position by simple rotation
and, as a result, vector h, cannot be coincident with
h$”. But only of interest is the case when the angle
of rotation is rather small and the ratio |Ah,|/x, is,
thus, of the same order of magnitude as the ratio
(q/%o). Formulae (A.1) are convenient because they
are easily generalized to three or more crystals (Kohn,
1979a).

k2 ='X.0+h],

(A1)
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The phase shift ¢(q, r) is determined by the follow-
ing expression:

(g, r) = Ko(@)r, + Ky (q)(r, —11) + Ka(q) (r—13), (A2)
where the vectors K, can be written in the form
K.(9) =%,+Q,.(q)+1.(q). (A3)
If we take (see Fig.1)
r=L;S,,
r=r+mh+ LS, + xe,, + ye,,
and use (A.1) and (A.2), then we obtain
©(q, r) = 2L+ (sofo) L, + (s,£,) Lo+ (s,f,) L,
+(Kim) £, + (Kzn,) 1, + Qze,., ) x +(Qaes, ) y.
(A4)

It is easy to see that Q.e,, = g, and (S.f,)=
F,(g<)— q;/2x,. Therefore, g, dependence has the
same form as given in the text. The direct calculation
in the symmetrical case (hLinm) gives (Qse,,)=
9x —2DAx, where D is determined by (16). Formulae
(17) and (18) can be obtained in the same way. It
should also be noted that

¥$(gx) = a™(g,) (em;) /2P| CY,
4h, = Ih(20)|n2(/’h-

rp=r+nt+L,S,,

(AS)
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The Intercomparison of Bragg X-ray Reflections from a Small Single
Crystal — Zero-Wavelength-Dispersion Profile Measurement
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Abstract

In conventional one-dimensional profile measure-
ment procedures, either by diffractometry (‘counter’
profile) or by photography (‘film’ profile), intercom-
parison of Bragg reflections from a small single crys-
tal, ¢, in a given experiment is rendered difficult, or
impossible, by their wide variation in size with 6,.
Using synthetic I(Aw, A20) distributions, obtained
by convolution of four components, the mosaic
spread of the specimen crystal, u, the emissivity distri-
bution of the source, o, its wavelength distribution,
A, and the detector aperture, 8, analysis shows how
the ‘counter’ and ‘film’ profiles change with scan
mode. In particular, it is shown that the ‘film’ profile
obtained using an /20 (s =2) scan mode does not
involve wavelength dispersion, so that the profile
distribution can yield information about u for each
reflection and therefore about small differences in
mosaic spread (and hence reflectivity) between reflec-
tions. Possible means of obtaining this profile using
film or counter procedures are outlined.

Introduction

The intrinsic two-dimensional nature of the Aw, A26
measurement procedure (Mathieson, 1982) and the
detailed information which, with adequate resolution,
it can yield, establishes it as a powerful means of
investigating Bragg X-ray reflections from small
single crystals. The 2D distribution can allow one to
diagnose and estimate the individual linear distribu-
tions associated with the major components of the
experiment, such as the mosaic-spread distribution
of the specimen crystal, u, the emissivity distribution
of the X-ray source, o, and its wavelength distribu-
tion, A. With a minor experimental modification

* Present address: Department of Chemistry, La Trobe Univer-
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(Mathieson & Stevenson, 1984), the main components
can be reduced to two, u and A, which can then be
defined more precisely (Mathieson & Stevenson,
1985) so that variation of mosaic spread p (alias
reflectivity distribution, r - see Mathieson, 1984a)
across a 60 pm crystal could be estimated (Mathieson
& Stevenson, 1986).

Because the data are recorded in two dimensions,
the Aw, A26 measurement procedure is necessarily
slower than one-dimensional procedures. It is, there-
fore, likely that, for reasons of convenience and speed,
essentially one-dimensional procedures will continue
to be used for routine data-collection tasks.

There is, however, no reason to assume, merely
because of long-established usage, that the 1D pro-
cedures which are in current use necessarily supply
either the best information or the available informa-
tion in the best form. In this paper, we re-examine,
from the Aw, 426 viewpoint, the possibilities of 1D
measurement - (a) to determine if there is any variant
which would improve the quality of the 1D measure-
ment and (b) to indicate possible advantageous ways
of using position-sensitive detectors (p.s.d.’s) for 1D
measurement when such detectors become available
with sufficient spatial (angular) resolution.

Current one-dimensional procedures

In the currently conventional 1D measurement of
Bragg X-ray reflections from a small single crystal, c,
two main procedures are used. One involves a counter
diffractometer using a wide aperture in front of the
detector, the other uses photographic film. In attempt-
ing to compare reflections within a given experiment
by either procedure, a basic difficulty results from the
wide variation in the size of reflections. Inter alia,
this feature complicates intrinsic problems in
measurement, such as the distinction of what is peak
and what is background, correction for thermal
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