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Dynamical Theory of X-ray Diffraction in Crystals with Defects
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Sets of integral equations are obtained that describe the X-ray diffraction in defective crystals. A simple
description of defects is suggested both for weakly and strongly distorted regions. In the case of ideal
crystals, the solution for the wave fields with arbitrary incident beam distribution is given for crystals
of arbitrary thickness. For distorted crystals, the integral equations give the universal method of treat-
ment of both weakly and strongly distorted regions. The problem of image determination from strongly
distorted regions is reduced to the solution of a simple one-dimensional integral equation. The first
iteration approximation of initial integral equations is shown to give results similar to those of a Fourier
analysis method with the defect being treated as a small perturbation.

1. Introduction

In recent years, there have appeared many works on the
dynamical theory of X-ray diffraction in distorted crys-
tals or crystals containing faults (Penning & Polder,
1961, 1964; Kato, 1963; 1964a, b; Taupin, 1967; Ta-
kagi, 1962; Schlangenotto, 1967; Dubrovskii, Molod-
kin, Tikhonova & Tikhonov, 1969; Molodkin, 1969;
Slobodetskii, Chukhovskii & Indenbom, 1968 ; Authier
& Simon, 1968). Nevertheless, the problem at large
remains far from being solved because of the mathe-
matical difficulties which arise. One solution is con-
nected with the works of Penning & Polder (1961, 1964)
and Kato (1963, 19644, b) and involves a method close
to the WKB approximation (phase integral method) of
quantum mechanics. In these works rather interesting
results in an analytical form were obtained. However,
this method is strongly limited to cases of very weakly
distorted crystals.

Another approach, developed by Taupin (1967),
uses direct numerical methods to solve the linear differ-
ential equations for a wave field in a crystal. These are
modifications of Takagi’s (1962) equations. Although
this approach allows the problem to be solved for
many kinds of defects, it deals primarily with the math-
ematical problems involved without considering phys-
ical phenomena, which should simplify the analysis.
Moreover, difficulties arise when one describes strongly
distorted regions of a crystal. Detailed analysis of
Kato’s method and equations used by Taupin are given,
by Schlangenotto (1967).

The Fourier analysis method is used by Dubrovskii
et al. (1969) and Molodkin (1969).

The problem of wave field determination in an ideal
crystal with arbitrary boundary conditions has also
been considered. For the solution of this problem, the
integral formulae, which connect wave fields inside a
crystal and on the entrance surface, were obtained
(Kato, 1961, 1968; Slobodetskii ef al., 1968 ; Authier &
Simon, 1968).

In the present paper, a new approach based on the
use of integral equations is developed. A simple de-
scription of the distorted region in a crystal, including
strongly distorted regions (¢f. § 2), is given. In § 2, the
set of differential equations of the Takagi kind, which
also describes the strongly distorted region, is derived.

In § 3, the sets of integral equations for the wave
fields in crystals containing faults are obtained for both
the Laue and the Bragg diffraction cases. First, the
problem of the field distribution inside the ideal crystal
is solved by using these equations for the Bragg case,
when arbitrary boundary conditions are defined. (In
works by Kato (1961, 1968), Slobodetskii et al. (1968)
and Authier & Simon (1968) the analogous problem is
solved for the Laue case only.*)

In § 4, the one-dimensional integral equations, which
define the image contrast of the strongly distorted re-
gion of an arbitrary form, are obtained.

In § 5, the Fourier analysis of the problem, which is
based on the method by Afanas’ev, Kagan & Chukhov-
skii (1968), is carried out. It turns out, however, that
since the defect is considered to be a small perturba-
tion, the Fourier analysis method gives the same results
as the first iteration approximation of integral equa-
tions.

2. Derivation of the initial set of differential equations

To describe the electromagnetic field inside the crystal,
we use Maxwell’s equations for the electrical field vec-
tor E(r,w) (w is the frequency of the incident wave)

4l

V2E-grad div E+2E= — 5 @21

* Recently, in the works of Takagi (1969) and Uragami (1969)
the integration method of solving the problem was also sug-
gested but in another form than in the present paper. In the
work of Uragami, a similar problem has been solved for the
thick crystals. We became acquainted with these papers only
when the present work was completed,
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where k=w/c (c is the velocity of light), j(r,®) is the
current density induced by the electromagnetic wave,
which is, in fact, a linear function of E(r,w).

jir, )= Sdr' % (e, 1) EX (1, ). (2:2)
The convenience of the equation (2-1) lies in that the
calculation of the current density j, which takes into
account all possible interactions between the electro-
magnetic wave and the crystal, can be carried out
(Afanas’ev & Kagan, 1968). In the general case, equa-
tion (2-2) describes non-local coupling between j and E.
This coupling arises owing to photoelectric absorp-
tion, Compton scattering and, moreover, to inelastic
scattering by phonons. However, the main contribu-
tion to ¢’¥, connected with Thomson scattering, has a
strictly local character, that is

o’ (r,v')=0(r)0*5(r—r') . (2:3)

For simplicity, we shall assume local coupling (2-3) for
the other effects since the mathematical account of non-
localities is complicated, and, in any case, their pre-
sence would not greatly affect the final results. Accord-
ing to (2-3), the right-hand side of equation (2-1) takes
the form

* jr,0) =1 @E ) 24

where x(r)=o(r)4zni/w is the crystal polarizability.
Consider a crystal containing faults, which are as-
sumed to be finite regions with distorted regular struc-
ture (Fig. 1). In the areas without defects, the polariza-
bility is a periodic function with the period of the crystal
lattice. It can therefore be expanded as a Fourier series.

£ GO() = ; 2§19 exp {iK,r} (2+5)

where K}, is the reciprocal-lattice vector, multiplied by
27,

We shall divide the region of the defect into two
parts; a strongly distorted region 4 and a weakly dis-
torted region B. Region B is assumed to be such that
distortions of the crystal lattice can be described by the
deformation vector u(r) (r being a point of real crystal)
and, moreover, that the relative displacement is small,
namely

out
dxk

£1. (2-6)

Condition (2-6) permits the equation for the polariza-
bility to be used (¢f. Kato, 1963, 1964a, b)

x@®=x"(-u(r) .

We shall assume area 4 to be distorted so that any
diffraction scattering would be practically absent in
this region. It may be a region without any periodic
structure (e.g. the nucleus of dislocation) or a region
where the deformation vector changes so quickly that

@7

2

ox*oxm KIg>1,

(23

where I,=(xx§%])~! is the diffraction length of the
ideal crystal. In fact, condition (2-8) means that there
are no areas, with linear dimensions of the order /,,
where the local reciprocal-lattice vector still satisfies
the Bragg conditions.

The absence of the diffraction scattering in region 4
permits us to describe this region as homogeneous,
with an average polarizability

2@ == —ll;Sux(r)dr

which defines the usual X-ray refraction and absorp-
tion. The integration in (2-9) is carried out over a vol-
ume whose linear dimensions are much greater than
the interatomic distance a. If in region A the density
is close to that of the ideal crystal (which is the case for
most conditions), then

to=1§® 210)
We note that region 4 can be extended considerably

to part of region B. Indeed, the Bragg scattering is
practically absent in the areas where

(2:9)

>[x6® 211

ui
’ Ox
and since | y§9| ~ 1075 to 1075, regions exist where both
inequalities (2:6) and (2-11) occur.

Thus, equations (2-7), (2-9) and (2-10) provide a rela-
tively simple description of the polarization properties
of a crystal in all regions of the defect.

We shall seek the solution of the equation (2-1) in
the form

E(r)=exp {ixr} > Ex(r) exp {iKnr} . (212)

h

Here K is the incident-wave-vector, and the sum is to be
taken over all reciprocal-lattice vectors of the ideal
crystal. The absence of the diffraction scattering in re-
gion 4, and the satisfaction of inequality (2-6) in area
B result in the amplitudes Ex(r) being slowly varying
functions with the characteristic length of the order /.
Therefore, if we neglect, as usual, the second derivatives
of Ex(r) and take into account that the electromagnetic
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~ P distorted -
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Strongly
distorted
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Ideal
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%
\

Fig. 1. Crystal containing faults.
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wave inside the crystal remains practically transverse,
we obtain from (2-1)

, 2i 0
hz' exp {iK,r} (a,,, - 75;7) E, ()

:X(r)hz exp {{K,1} E,(r), (213)

where
KZ_KZ
o= hzcz ,  ¥K=k+K,,
d LY}
2~ ), Sh= -t 2-14
5 (1Y) "= e (2-14)

Now we multiply the equation (2-13) by exp (—iKxr),
and integrate over the volume ¥ with linear dimensions
I, where

aklikl . (2-15)

Since the amplitudes, Ex(r), change only slightly in the
length /, they can be omitted from the integration.
Thus

%S exp {i(K,— K, r}dr~dy, . (216)
1 4

Then we have

0
(“h— % 375',,) E,(r)= ;Xhh’ OE, ()  (2:17)

X ®)= 37§ 20 exp (K, ~Kyrjdr. - @:18)

In the ideal crystal region, according to (2:5) and
(2:16)
K@ =2{8y . (2'19)

In region 4, taking into account (2-9), (2-10) and (2:16),
we obtain

i ©) =820

In area B, according to (2-7), we have

(2:20)

ay 1 ,
B ()= & 7 Slexp {=iK,u(r)}
hll 7
x exp {i(Ky + K, —Kr}dr.
In the sum over 4", inequality (2-6) allows us to neglect

all terms except those with K, =K,—K,, .
Therefore

vV

If u(r) change slowly over a distance of order /, then
(2:21) turns into the formula

Xy @ =148y exp {—i(K,— K, Ju@®}. (2:22)

In the case of a rapid change of u(r) in the volume V
(for example, when inequality (2-11) is satisfied), the

xB, (1) =y, 1 SVexp {—i(K,—K,)u(®)}dr. (2:21)
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only integral in (2-21) which would not, in practice, be
equal to zero would be that for which K, =K,,. Making
this substitution, we again obtain equation (2-20).
Thus, we see once more that area A4 can be extended to
area B. Further, we shall assume that region 4 includes
the nucleus of the defect as well as the distorted areas
where

out
Oxk

!

2

Here ! is defined by inequalities (2:15). (It may be no-
ticed that / can always be chosen almost equal to /,
because the diffraction scattering is small in both cases.)
We shall treat the remainder of the distorted region as
region B, and use equation (2-22).

Further, we restrict ourselves to the case in which
only one Bragg reflexion with a corresponding vector
K, of the reciprocal lattice exists (two-beam approx-
imation). Then, passing to the set of equations for the
scalar amplitudes, we obtain

2i 0
E, —at = ) Ey= E,
ZroLo+ (goo a+ pr 6s1) 1=810¥+Lo

2i 0
(goo‘l‘ ~ E) Ey+g01E1=guyv-E; (2:23)

where the following notations have been introduced

1 in A4,
w(r) ={ l1—exp {FiKmu(r)}in B, (2-24)
0 .

in C,
ghh”=ngl—;x'nh"hl ’ hah’ =09 1 s

1 are the polarization vectors.

Equations (2-23) must be defined by boundary con-
ditions. In the Laue case, these conditions are deter-
mined on the entrance surface of the crystal and take
the form

Eyr)=E§™(), E@)=0. (2:25)
In the Bragg case, we have E,(r)=E{™(r) on the en-
trance surface, and E;(r)=0 on the exit one. Here
E§®(r) is the amplitude of the incident wave.

Finally, we note that, in regions B and C, replacing
En(r) by exp {—iKpu(r)} En(r) gives the set of equations
which have been obtained by Taupin (1967) and
Schlangenotto (1967). The set of equations (2:23) is
more convenient, because it also describes the strongly
distorted region of a crystal.

3. Integral forms of the set of equations (2:23)

(A) The Laue case

We first consider the common property of equations

(2:23). It is convenient to introduce oblique coordi-

nates along the vectors s, and s;, such that
r=250So+ 5181 .

@31
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We then make the replacement

Ep=Ep exp (ix%‘lsoﬂk (gooz_—a)—s ) . (32

The set of equations for amplitudes Ej, has the simple
form

O, . ~
P2 4 coE1=coy—E,

330
oF . ~
l—l- +C1E0=C1!//+E° (33)
331
where
- &u = X8
Co= 7 1= ZJ .-
From (3-3), we also have
i«Eo,1=Fo,1 (3'4)
where
— c2F o B V-
Fo,1=cEo (Y ++y—-—wsw-)—icioEr o T (3-5)
1,0
c2=cyc; and L is the differential operator
=% e 36
= Dseds, T (3:6)

The equations (3-4) are hyperbolic and their charac-
teristics are the sets of straight-line curves parallel to
the vectors sy,s;. The fields inside the region G (Fig. 2)
are strictly determined by amplitudes E, and E; on seg-
ment A@4®, Moreover, by using the Riemar.n method,
integral equations can be obtained, which connect the
fields at the point P and the fields inside the region G,
(¢f. Courant, 1962).

We introduce the function R which is the solution of
the equation

LR=0
with boundary conditions

R
950

€

or
’ aSl

S1=S1p

So=Sop

’

R (3-8)

So=So0p
§1=S81p

The solution to the problem is

R=Jo(2¢ V(s0p—50) (51p—51)) (3-9)

where Jy(z) is a Bessel function of zero order, and s,p,
s1p are the coordinates of point P. Using equations
(3-4) and (3-7), we obtain directly

SSG dsods;[RLE;, —E;LR]= SSGdsodisF‘ . (3-10)

Using Green’s theorem, the left-hand side of equation
(3-10) can be turned into the integral over the boundary
of the region G. According to (3-8) and (3-3), we have

S S dsodsi[ REE, — By LR) = By(P)— Ey(AW)

~ OR ~
+icl S dSlREo(l—V/+)+ S dSo—a's—El . (311)
) 0

A AU A AM

The final result is given by

~ ~ R ~
E)=E@n)-{  dug F
A0 A Jsg

—ic,S ds;REL(1—ws)+ SS dsods;RF; . (3-12)
A0 A G

The equation for Eo(P) can be obtained from (3-12) by
replacing the indices 0 by 1, + by — and vice versa.

In the Laue case, when the boundary conditions on
Ey(r) and E(r) are defined on the same (entrance) sur-
face of a crystal, we obtain the set of integral equations
for the fields which automatically takes into account
the boundary conditions (2-25).

ast R

A A ds,

n SS ds,ds,RF, (313a)
G

Ey(P)=Eg(4)- | Ego

EI(P)=1'CIS ds,REgn)(l—y/+)+SS ds,ds,RF, .
G

(3-13b)

If the crystal does not contain defects, i.e. w+=w_=0,
equations (3-13) give the direct connexion between the
field in an arbitrary point of a crystal and the fields on
the entrance surface

A1) A0)

~ ~ OR ~ .
Egd)(P) — E(()m)(A(O))_*_ S dSl a_ Egm)
4@ A 5

ds,REG™

AMA©®)

ESO(P)=ic, S (3-14)

This problem had been solved earlier by Slobodetskii
et al. (1968) and Authier & Simon (1968).

Equations (3-13) can be also written in the following
form:

A© AD

-~

So S

P
Fig. 2. Fields inside the region G.
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Ey(P)= E§(P)— ic, S dsoEry_
AP

+ S S dsyds, [ CZREOI//+ +icy -g;—{— Ew_ ] (3-15a)
G 1

E'I(P)=E§id’(P)—icIS ds, By,
AMP

+ SS dsyds, [czRE~1y/_+icl EIiEz,yq_ ] . (315
G 95

The sets of equations we have obtained are in a con-
venient form for determining an approximate solution
by an iteration procedure. In a region of type 4, the
double integrals in (3-15) can be transformed into the
integrals along a contour (¢f. § 4), and this greatly sim-
plifies the treatment of strongly distorted regions. In
region B, it is convenient to use equations (3:13)
because here the derivatives dy/os are small, and
moreover

Vity-—yiy-=0. (3:16)

(B) The Bragg case

If the boundary conditions are defined on different
surfaces as in the Bragg problem, then it turns out that
the treatment of closed integral equations such as (3-13)
is more complex.

Consider a crystal in the form of a plate of thickness
t. Let the finite beam of X-rays fall on to the crystal in
the direction of the vector k (Fig. 3). We shall find
the field of the reflected wave at point P; on the en-
trance surface of a crystal. The field at this point is
determined by fields inside the region G which is lim-
ited by the line AP, A" in the scattering film. Evidently,
the amplitude E) equals zero on the segment AB. Let
the function RY satisfy equation (3-7), but with the
boundary conditions

GRY IRY
75'0_- AP1 - ? 791_ SO=s°p= ?
R =1. (317)
’ So="S0p
$1=S1p
W
PAD C P> AP E
A
Py
X
AP l—»
z
B A Ps D Ay

Fig.3.Schematic diagram representing the scattering of an X-ray
beam by the crystal.
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The solution of this problem is given by
RP=Jy(2¢ V(s0,—50) (51,—51) )
S —_— —_— —_—
—p 0= g, (20 (s0y=39) (535 —50)  (318)
(Slp_sl)

where 8=7/71, 70, =Sp,1) and n is the vector of the
inner normal to the entrance surface. The analogous
procedure which has been used for the derivation (3-12)
gives the following result

E(P)=ic, S ds RPE§™(1 -y 1)+ g S dseds, RPF;.
AP J JG
l (3:19)

Equation (3-19) is valid for the points P, lying on the
area AC of the entrance surface. For the points lying
to the right of C (e.g. P,) the following integral must be
added in the right-hand side of equation (3-19):

AEx(P2)= —ic SBA(;) disg)Eo(l —yy) . (320)

If the crystal is sufficiently thick, so that ut>1, where
4 is the absorption coefficient, then it can be easily
shown that this integral gives an exponentially small
contribution, and can be neglected. Thus, in the case of
a thick absorbing crystal, equation (3-19) defines the
field E, at all points on the entrance surface.

For an ideal crystal, when w4 =0, according to (3:19)
we have

E(P)=ic, S ds, RPEGm . (3:21)
AP

Equation (3:21) defines, in the general case, the field of
a reflected wave on the entrance surface for an arbitrary
distribution of the incident wave field. Introducing the
coordinate x along the crystal surface in the scattering
plane (4 being the zero point) we can rewrite this equa-
tion for the amplitude E;(x) directly [¢f. (3-2)].

_: SV (7 41 1 1
E()=i 50 SO dxi[Jo(BxY)+J,(BxV)]

x exp {iAX'}E§P(x—x') (3-22)

where
_ (ptlnd Yo o Vryl
A=18w 5 c30. T T sin 26, * B % sin 20,
(3-23)

If the field E{™(x) is constant
Egn)(x)=E0 ) X>O,

then, according to (3-22), when x — oo, we obtain
after a number of simple transformations

Ey(00)= % [~ {0+ gool1 — B}
+ V{oB+ goo(1—B)}>+4P2mg 10] -

This result agrees exactly with the result of the usual

(3-24)
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dynamical theory for the thick absorbing crystals (Za-
chariasen, 1946).

In addition to equation (3-19) one can obtain, by a
fully analogous meth~od, the equation which deter-

mines the amplitude E, on an exit surface:

7 LG 4(0) 3R§,’ (i)
Ey(Py)= Egm(ag )—SAA«,, dsy < S

—iCOS

Here

RY= J0(2c V(SOp_So) (s1,— 51))

1 (5= —

5 e a5 G ) - G20
Moreover, we have the general equations (3-11) for the
inner points P, of a crystal where, in a given case, a
contour APAD is AP ABAP. Since E,=0 on the line
ABAP the integral along A‘°’ ‘AP is reduced to
the 1ntegrals along the lines AA‘°’ and BAP, then

o dSeRPE (1 —y_) + SS ds,ds; RQF, . (3-25)
G

E~0(P4) = EN(()im(A‘(tO))— SAA ‘(‘o) ds, gR— E(m)
_ie, SAA«,) dsyRE(1—w_) + SBAm ds, ZTR E,
4 4 1
+ S SGdsodisFo, (3-27a)

E(P4) lClS A® disESin)(l—WQ
4
OR ~ .
+ SAAS‘O) ds, FrS E —ic, SBA

Al

The sets of integral equations (3:19), (3:25), (3-27)
permit the use of the iteration procedure to determine
amplitudes E, and E; in a distorted crystal. In the case
of the thick absorbing crystal (uz> 1) the integral along
the line B4 in (3-20) and (3-27) gives the exponentially
small contribution and may be neglected. Therefore, it
isnot necessary to use equation (3:25).

In the case of the ideal crystal (w.+=0) we have, ac-
cording to (3-25),

o S5t REy(1=v.,)

(3:27b)

E(x,t)=exp { i 0 i}

2 0
l’)’oh’ll S 21

sin 20 dx z

x {Ea*n><xo>—
. Colyil

. 7 (in) — / —
x J(Bz) exp {iAx'}E§™(xy—x")—i sin 26,

« S [JO(BZ) + + -~ Jz(Bz)]

DYNAMICAL THEORY OF X-RAY DIFFRACTION IN CRYSTALS WITH DEFECTS

x exp {iAx'}E,(x,—x’,0) } (3-28)
where
z=x'(x"+2), 2=t SIanZOIB , Xo=x—1VT=93ly,.
0171

Here we use the true amplitude (3-2) again. The equa- .
tion (3:28) contains the field E; defined by equation
(3-22). Knowing the field E, on the segment BD, we ob-
tain easily the field E; on the segment CE which now
is defined by sum of equations (3-20) and (3-22). The
equation (3-20), we rewrite in the detailed form

., c , —a) ¢
AE((x)=—i s“ml;; exp { ix (g002 9 I }
x—-21
x ﬂo [Jo(Bz)+ Jz(Bz)]
x exp {iAx }Ey(x;—x ,t) , 329

where x, =x—1}/1—92/[y,. Since the field E|(x) on the
segment CE is known, the field Ey(x,?) can be defined
in the points to the right of D and so on.

The procedure outlined above permits the reflected
wave field to be determined over the entire surface of a
crystal, but this is rather cumbersome. Nevertheless,
the formula for E;(x) may be obtained in a more com-
pact form. By substituting into equation (3-29) for E,
[from equation (3-28)] and for the field E; on the line
AC [from equation (3-22)], the expression for 4E;(x)
on the line CE breaks up into the sum of single, double
and triple integrals. The double and triple integrals can
be transformed into a single integral, so that the final
expression for the field 4E;(x) has the form:

AE(x)=ic, S dx'G,(x', 2D E§™(x—x"), (3-30)

20—
where

G, 20) = B(x—2In) (— 1) exp {iAx} {En1T,,_,(By)

+2870,,(Bn) + &m0, ,(By)},  (3-31)
x—2In —
i =)x2— 2
< x+2n’ n=yx2—(2n)*,
0 x<0
0(x)={1 <0 (3:32)

For the general case one can obtain the following
expression for the field Ey(x) at an arbitrary point in
the surface:

Ey(x)=ic, 10— 20 S dx' G(x)E§™(x—x'), (3-33)
where
C=Go)+ > Gul(x,2]) . (3:34)
n=1

Here nmax is the integer part of x/2/; Gy(x) is deter-
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mined from equation (3-22)
Go(x)=exp {idx} {Jo(Bx)+J(Bx)} (3-35)

and represents Green’s function approximated for an
infinitely thick absorbing crystal. G(x,2/) is given by
equations (3:31) and (3-32) and describes the n-fold
reflexion by the lower surface of the crystal.

Fig. 4 shows the reflected wave intensity, which is
proportional to |G(x)|2, for a d-functional source. It is
seen from the Figure that, in this case, intensity peaks
appear near the points x=2/x. If the incident radiation
has a finite spread d 2 /y and is collimated over a range
of angles, then an integration over this spread in equa-
tion (3:33) results in a practically complete cancelling
of the field E;(x) because of strong oscillations of the
Gn(x,2/) function in these regions.

However, if the incident beam is not collimated and
one measures the integral intensity, then these addi-
tional peaks will be well displayed. Indeed, in the case
of an uncollimated beam the incident fields Eo(x) are
incoherent at every point in the crystal. In this case,
the integral intensity is given by

2
Icl |2 TCYO

K sin? 20

L(x)= S dx' | GO EG™ (e — x)[2

(3-36)

In Fig. 4 the integral intensity is plotted for an inci-
dent plane wave passing through a slit of width d. As
can be seen from the plot, the peaks have an apparent
magnitude but lack the fine structure, characteristic of
a J-functional source.

4., Strongly distorted region

Consider, as an example, the case in which only the
strongly distorted region exists in a crystal, i.e. a region

A B
45— £$ L
[ 4 8 20 24 28 40 44 @8 x/,
A 8
x4 x4
‘ M L P
0 4 8 20 24 28 40 44 48 x/l,

Fig. 4. Integral intensity curves for the first reflexion from the
lower surface of the crystal. The upper curves are for a d-func-
tional source and the lower curves for a slit of width d=2I.
The parameters of the calculation correspond to the follow-
ingexperimental conditions: Si crystal, Mo Ko radiation, (220)
reflexion, |l=1, 2/=20 [y (curves A) and 2/=40 [y (curves B),
lo—l/|c|—12u The decrease of maximum intensity on the
upper curves is due to absorption.
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of type A where diffraction scattering is absent. This
case, as it will be seen below, is more simple for anal-
ysis, than a general case and can give a comprehension
of a general picture of the image contrast formation.

For the sake of simplicity we shall continue the anal-
ysis for the Laue case. Let region 4 (Fig. 5) be the
section of a distorted area of a crystal by a scattering
plane. Alterations in the fields caused by this defect
will occur on the segment AVA® only. In the case
given, it is convenient to use the integral equations
(3-15), because .. =1 inside region A. Considering this
fact and using equations (2-23) and (3-3), we transform
the double integrals of (3-15) into integrals along a con-
tour. Then the integral equations (3-15) will have the
form.

E,(P)= Eud)(P)+wOS dsoRE+S ds, SR 2

4-1a)

ds, gi: E

(4-1b)

where E§> are the ideal crystal fields, and I, is that
part of the boundary of region 4 which lies inside the
region G. For points P, when the region A4 lies fully
inside the region G the contour I', is simply the boun-
dary of the region 4. For points of type P, the contour
is P1BWOCWDWP! P,

Now we introduce the quantities

e (P)=E, (P)— E{(P) @42

which define directly the wave-field distortion, caused
by the defects. The equations (4-1) now are

E(P)= E‘“”(P)—zcls ds,RE,— S
4

N d
eD(P)=ic05 ) dsoRe; + Sr" ds; a—§e0 (4-3a)
A

ex(P)=—ic, S dsRey— S dso 2R e, . @30
Ir'a 8 0

In obtaining (4-3) we used the following obvious equal-

ity

oR

E§=0
051 1

*4)

ico.lS dSo,lRE%)'*'S ds; o
Y v

where y is an arbitrary closed contour in the scattering

plane. Since the fields Eo,l are equivalent to ideal fields,
namely ¢, =0, on the contour B B© the integration
in (4+3) is carried out only along the lineB(OCWD®. ..
BO),

According to (4:3), the problem of determining the
fields in a crystal is reduced to the problem of finding
the fields e, ; along the contour I'y. For the solution of
this problem, we note, first of all, that inside region 4

the field E, is constant along the lines, parallel to the

vector s, and the field L:l is constant along the lines,
parallel to s;. This can be seen directly from the equa-
tions (3:3). Using this fact, we deduce that the fields
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eo and e; along the lines DMDOB©® and BM DM DO
respectively are defined by simple transition, that is

eo(PY) = E‘(()id)( Py — E§9) P}) on D’DOBO
el(P{)=E§‘d’(P’I’)—1§§‘d)(P;) on BPDDOD®  (4.5)

To determine the fields e, ; along the remainder of
the contour, we use equation (4-3). The equation for
the field e, along the line BWC® is

dsi 9R
i as) %0

where /is a coordinate of a point along the line BOC ),
The first integral term in (4-6) contains known func-
tions, since e, is defined exactly along this contour.
Thus, we have a Volterra’s inhomogeneous integral
equation for the determination of the field e(/) along
the line BOCM, The field ¢y along the line CMWDW js
defined by transition from the line BOC®), To define
the field e; along the contour BOC®©, we have the
analogous equation.

Thus, the problem has been reduced to the solution
of a relatively simple one-dimension integral equation.
Specific examples will be considered in the next work.

’
dsg

1 !
eo()=ic, SO dr’ a7 Re + So d/’ (4-6)

5. Fourier analysis

In this section, we examine another approach to the
general problem. This is the transformation from the
set of differential equations (2-22) to a set of algebraic
ones for the Fourier components of amplitudes Ey(r),
El(l').

We shall assume the distortion of a crystal to be
sufficiently weak for the alteration in the wave field
to be small.

Eo(0)=E§P@)+Eq, (), |Eoyl<IESPI. (51)
Further, we shall restrict ourselves to the Laue case.
Let a plane wave fall on to a crystal at an angle close
to the Bragg angle. Then the fields inside a ideal crystal
are known (¢f. Zachariasen, 1946).

Ep@= 3 £ ep {2k (5
F] 0
where z=(nr), J=1,2
E{)— ﬁf’z'l_)—g&_. (LD Pg1o (5-3)

A ___Fo10
2§D =@ D)

53"2)=’21g00+i[_(“ﬂ+800(1 -8) o
£ V(0B+gu1 —B))2+4ﬂgolgm] ; (549)

the sign of the radical is‘defined so that

e 26" (e=¢' +ie").

(5:3)

qu we expand the fields £ , in the following Fourier
series

Eg ()= Z exp {iqr} Z E, exp {ixeld® i} (5-6)
a%0 8 Yo

Making the substitution E, ;=E{® in the right-hand
side of equations (2:23), we obtain for the Fourier com-
ponents E{),

(=268 +8)ER + 80 ER =g -@EP (57)
310586214‘(_23(1‘? +g00)E(1‘? =g|0'/’+(‘l)Ef>é)
where

(gso,1) a &P
PR DR &

K > 1 2 ﬁ (58)

AMm P| P

P, A®

Fig. 5. Section of a distorted area of a crystal by a scattering plane.



A. M. AFANAS’EV AND V. G. KOHN

The system of type (5-7) has already been obtained
(Afanas’ev, Kagan & Chukhovskii, 1968), where the
method for its solution was also given. Here, two con-
ditions are essential. The first one is that the set of
equations (5-7) must be defined by boundary condi-
tions for the waves scattered by faults, and a second is
that it is necessary to account for the solution of corre-
sponding homogeneous sets of equations [cf. Afanas’ev
et al. (1968) for details]. Considering these two condi-
tions, the final expression, for example, for Egr) is
given by

(=1)°Bgng
Eyr)= P exp {iqr} Z 2(5(2) 2:1))10
X (E‘”t//.,_( )+ ZL 780 gy, (‘I))
glO
(e {zxs‘oé) } —exp{nc(s“’) o) )% })
- T -8 (59
where
S ~(S). ~
- (qKO) ,  EP=eP0),

wma 2 e, 80= 5+ 50 (510)

Though the expression (5-9) is complex in form, the
final result can be written more simply. Turning again
to the description of the distortion in coordinate space,
we obtain for the field Ey(r), according to (5°9),

Eyn)= Sdr'[@oo<r,r')W+(r')+@m(r,r')w_(r')] (5:11)

where

1
Dor,¥)= (2 )3 qu exp {iq(r—r)} Z (2(822)ﬂggilg))w

(exp {iksg‘” —} —exp{iic &9 —0) —)
L a Yo

X E(é)
0 2P —£9)

(512)

and we have the analogous expression for Dy(r,r’).
The integration over gy in (5-12) gives 6(y —y’), where
y is a coordinate in the direction normal to the scatter-
ing plane. The integration over g; can be carried out by
using the residue theorem. As a result of these calcula-
tions, we have

Do, ¥)=i % 8(y—y)0)0(z—2")

xI(x—x',z—2) > E exp{ixef,"’;—} (5:13)
s o

where
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< dg, . -1
I(x,2)= S‘w 5 %P {ig.x} Z %ﬁ
x exp{—lSqux = + ik } (5-14)
Yo %0

Upon integrating equation (5-14) we obtain

3(50’51)
o(x',z)

X exXp (uc@(so So)+iKx (gL %) (sl—sl))

(y—y)0(z)0(z—2)

Do(r,r')=c?

x ApE§NZ) (515)
where
Ago=Jo(2¢V(s9—50) (5, —57))
5 Sien (50— 50) +sign (s, —s7) . (516)

2

For the function 9, the analogous analysis gives an
expression in the form of equation (5:15) with the fol-
lowing changes
[ 0A
Ao = Aoy=— = -,

; EGD s
¢, dsy 0

ES® | (517)
Thus we arrive at the expression for the field E, after a
rather complicated calculation (in the above, only a
scheme of derivation of the formulae(5-12)and (5-16) has
been outlined), while the same result can be obtained in a
straightforward way from the integral equations (3-15)
as the the first order approximation over . The anal-
ogous analysis in the Bragg case leads us finally to
integral equations the form of (3-19). Therefore Fourier
analysis is not expedient for definition of the field
caused by static defects, because the integral equations
(3-13), (3:19), (3-25) and (3-27) give a much more simple
method for the solution of the problem.

It should be noted, however, that in the problem of
defining diffuse scattering, caused by crystal-lattice vi-
brations, Fourier analysis is probably the only useful
method. The physical difference between this and the
static distortion problem is that the scattering of pho-
nons is essentially an incoherent process. Therefore, one
can only determine wave intensities, but not the am-
plitudes and the integral equations for amplitudes, of
the forms (3-13), (3-19) and (3-25), cannot in principle
exist.,

The authors wish to thank Professor Yu. Kagan for
his continued interest in this work and for valuable
discussions.
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Ray Tracing with X-rays in Deformed Crystals
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The propagation of X-rays in an elastically deformed crystal has been studied using a ray-optical
experimental arrangement. A single incident ray was selected from a Borrmann transmitted beam and
was then diffracted through a thin crystal which was elastically strained by a temperature gradient.
From the position and intensity of the rays at the exit surface it has been shown that for symmetric
transmission, the plane wave boundary condition is maintained in any arbitrary but homogeneous
strain field and that the migration of the tie points in good agreement with the theory.

Introduction

An extension of the dynamical theory of X-ray diffrac-
tion to include diffraction in slightly strained crystals
was first given by Penning & Polder (1961). This theory
was modelled on the propagation of light beams
through inhomogeneous media and was founded on
certain ad hoc assumptions. The wave optical founda-
tion to the Penning & Polder theory was provided by
Kato (1963, 1964a, b) who showed that Penning &
Polder’s basic equation could be derived by applying
Fermat’s principle to the path of a modified Bloch
wave through the deformed crystal. Independently, the
basic assumptions of the theory and their range of ap-
plicability were investigated by Kambe (1965, 1968).
Penning & Polder’s theory was later developed by
Bonse (1964a) to allow for the complex nature of the
vectors characterizing the wave-fields.

Another approach to the problem has been to con-
sider directly the modification of the dynamical wave-
fields by the lattice distortion. With this method Takagi
(1962, 1969), Taupin (1964) and Schlangenotto (1967)
have used very general formalisms and have obtained
differential equations which can be solved numerically

* Present address: Wolfson Microelectronics Unit, Depart-
ment of Electrical Engineering, University of Edinburgh, Edin-
burgh, Scotland.

for particular experimental cases. Taupin has been
primarily concerned with the image forms of line de-
fects whereas the Takagi theory has been used to ex-
plain some experiments on elastically-strained crystals
(Malgrange, 1968) where it was shown to give the same
results as the ray theories over the range of deformation
studied.

Experimental verification of some aspects of these
theories has been obtained by various workers. A de-
crease in the diffracted intensity from a thick anom-
alously transmitting crystal has been observed when
the crystal is subjected to a bending moment (Hunter,
1959; Cole & Brock, 1959; Okkerse & Penning, 1963)
or to a temperature gradient (Borrmann & Hilde-
brandt, 1959; Okkerse & Penning, 1963; Malgrange,
1968). This decrease has, in the experiments, been quan-
titatively explained by Penning & Polder’s theory. An
experiment of a different nature has demonstrated
more dramatically the modification of the crystal wave-
field vectors. Hart (1966) measured the displacement
of the Pendell6sung fringes in a crystal strained by a
temperature gradient. The fringe displacement was cor-
rectly predicted by calculating the phase advance along
the ray paths from the ray theory and by Kato’s eikonal
theory. This is not surprising since the existence of the
eikonal implies ray optics.

In order to obtain direct evidence of the energy prop-
agation changes in a strained crystal, it is desirable



